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Abstract
We study selected aspects of quantum gravity phenomenology inspired by the gravitational analogy in Bose–Einstein condensates (BECs). We first review the basic
ideas and formalism of analogue gravity in BECs, with particular emphasis on the
possibility of simulating black holes. We stress that the dispersion relation in a BEC
has a relativistic form in the hydrodynamic limit, and acquires non-relativistic, ‘superluminal’ modifications at high frequencies. This makes it a particularly interesting model for many scenarios of quantum gravity phenomenology which consider
a possible violation of local Lorentz invariance at high energies. In particular, it allows the study of kinematical corrections that such quantum gravity scenarios could
impose on general relativity.
We present a simple model for a (1+1)-dimensional acoustic black hole configuration in a BEC, and study its dynamical stability. We find that black hole horizons in
a BEC are stable under quite general boundary conditions, inspired by similar studies of the stability of black holes in general relativity. This allows us to study the
stable dynamical modes or quasinormal modes of such configurations, as well as to
confirm the long-expected possibility of (at least in principle) simulating Hawking
radiation in a BEC.
We find that there indeed exist short-lived quasinormal modes in our model, in
spite of its (1+1)-dimensionality, and moreover that their spectrum covers a continuous region of the complex frequency plane. This is in sharp contrast to general
relativistic black holes and to acoustic black holes in the hydrodynamic limit, where
no quasinormal modes exist in 1+1 dimensions, whereas in higher dimensions the
spectrum is discrete. The quasinormal modes that we find are characteristic of a
relaxation at the microscopic level, and we trace their presence back to the superluminality of the dispersion relation, and the associated permeability of the horizon.
We argue that a similar effect could show up for astrophysical black holes if quantum gravity turns out also to lead to superluminality at high frequencies.
We then study the impact of superluminal dispersion relations on the Hawking
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radiation for a collapsing geometry in which a black hole is created. A crucial aspect
of modified dispersion relations is that the horizon becomes a frequency-dependent
concept. In particular, with superluminal dispersion relations, at every moment of
the collapse process, there is a critical frequency above which no horizon is experienced. If moreover there is an overall saturation level to the collapse (as is certainly
the case in BECs due to the interatomic separation, and as is expected in the gravitational case due to quantum gravity resolving the general relativistic singularity),
then there is also a global critical frequency, such that higher frequencies never see
a horizon and hence do not participate in the thermal radiation process. This leads
to several important differences with the standard Hawking radiation. Generally
speaking, a finite critical frequency implies that the intensity of the late-time radiation is weaker than in the standard (Lorentz invariant) case. The Planckian form of the
thermal spectrum is largely preserved (although with a decreased intensity) unless
the Lorentz symmetry violation scale (the scale at which non-relativistic deviations
in the dispersion relation become important) lies below the critical frequency. In the
latter case, high frequencies (above the Lorentz symmetry violation scale) can acquire extremely large surface gravities, leading to important ultraviolet contributions
in the radiation spectrum. Finally, the radiation originating from the collapse dies
out on a relatively short time-scale.
In the final part of this thesis, we discuss some questions related to the possibility of constructing a serious toy model for Planck-scale gravity based on the condensed matter analogy, namely a model of emergent gravity. The basic idea is that
gravity (including its dynamical aspects, i.e., the Einstein equations) might emerge
as an effective low-energy macroscopic description of the collective behaviour of
the microscopic constituents of a system. A crucial consequence if this turns out to
be a correct approach is that there would not be any direct quantisation procedure
leading from the macroscopic to the microscopic degrees of freedom. We mention
some general motivations for such an approach, in particular the problem of dark
energy, and discuss in detail the question of diffeomorphism invariance in emergent
gravity based on condensed matter models. We argue that this question should be
split up into a kinematical and a dynamical part. We explain how diffeomorphism
invariance at the kinematical level can actually be understood as a low-energy effective symmetry in such models, just like Lorentz invariance. With respect to the
dynamical aspects of diffeomorphism invariance, we argue that this is essentially
identical to the problem of recovering the Einstein equations in a condensed-matterlike model, and make some remarks with regard to the possibility that Sakharov’s
induced gravity proposal could solve this issue.

Chapter 1
Introduction
The fundamental observation underlying the study of models for gravity in Bose–
Einstein condensates (BECs) is the following [117]. The equation of motion of acoustic perturbations in a perfect (irrotational, inviscid and barotropic) fluid (such as a
BEC—under certain approximations which we will detail extensively in due time)
is described by a d’Alembertian equation in curved spacetime:

√
1
φ ≡ √ ∂µ −ggµν ∂ν φ = 0 .
−g

(1.0.1)

These acoustic perturbations or phonons therefore travel along the null geodesics
of the effective metric gµν , with g its determinant. This formula is well known from
relativistic field theory as the equation of motion for a massless scalar field φ propagating in a curved spacetime. Moreover, up to a conformal factor, the effective
metric has the following form:
!
v2 − c2
− vT
gµν ∝
,
(1.0.2)
−v
1
where v is the velocity vector of the background fluid flow and c the speed of sound
in the fluid.1 Since gtt ∝ (v2 − c2 ), the sign of gtt depends on the fluid regime,
indicating that black hole configurations are in principle possible, at least in radial
flows.
This basic observation is the essence of analogue gravity in condensed matter
models, which offers the promising prospect of allowing to better understand and
possibly simulate some phenomena related to high-energy physics, and to black
1 Throughout

this thesis, we will only explicitly use a different notation for the speed of sound
and the speed of light when this seems useful to avoid confusion. We will however always write c
explicitly rather than setting c = 1.
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holes in particular, as we briefly discuss in the following section. Its interpretation can also be extended in two directions, which we will call quantum gravity
phenomenology and emergent gravity, in logical order, and which we will introduce
thereafter.

1.1

Analogue gravity in condensed matter

The basic observation described above implies that one can study certain aspects of
general relativity and quantum field theory, and in particular of black hole physics,
by analogy with fluid systems such as a BEC [56; 57]. To put it in other words:
perfect fluids mimic the kinematical aspects of general relativity, i.e., the propagation
of fields in curved relativistic spacetimes, including the possibility of black hole
configurations. Note that there are currently no known analogue systems which
reproduce the Einstein equations, which is why the analogy does not immediately
extend to the dynamical level.
To take maximal advantage of the analogy, the microscopic physics of the fluid
system should be well understood, theoretically and experimentally, preferably even
in regimes where the relativistic description breaks down. Then, full calculations
based on firmly verified and controlled physics are possible, even beyond the relativistic regime. Additionally, laboratory experiments become feasible that could
shed light on issues of high-energy physics. There exists a wide variety of physical systems, both condensed matter and other (see [15] for a review), in which
curved effective relativistic spacetimes emerge. BECs stand out mainly for their
conceptual clarity, both as a source of the gravitational analogy (excitations moving
in a mean-field background provided by the collective behaviour of the condensed
phase of the condensate) and as a generally well understood and experimentally
well controlled system, thereby offering the exciting prospect of directly simulating
the analogues of some phenomena predicted in high-energy physics. For instance,
BECs are considered a good candidate for a possible future experimental detection
of (phononic) Hawking radiation [13; 35; 43] or of particle creation in expanding
spacetimes [69; 133].

1.2. FROM ANALOGUE GRAVITY TO QG PHENOMENOLOGY

1.2

11

From analogue gravity to quantum gravity
phenomenology

However, the analogy is not limited to the propagation of relativistic fields in curved
background spacetimes. A particularly interesting application is in terms of quantum gravity phenomenology. Indeed, the geometric or relativistic regime described
above is not universally valid in a BEC, but only in a certain approximation. Essentially, it is valid for the low-energy modes or phonons, i.e., in the hydrodynamic
approximation. For higher energies, and also in the presence of a horizon (as we
will emphasise repeatedly throughout this thesis), the relativistic or hydrodynamic
approximation breaks down, giving way to the underlying microscopic description.
This behaviour is of course similar to what is expected in the realm of quantum gravity, with the crucial difference that the underlying microscopic description is well
known in the case of BECs. Therefore, deviations from the hydrodynamic or relativistic regime in BECs provide possible insights into the kinematical corrections that a
hypothetical quantum theory of gravity might impose on general relativity,2 for example on the local Lorentz invariance that characterises general relativity. They
thus provide a way of studying quantum gravity phenomenology by analogy. Such
extrapolations from condensed matter models to quantum gravity phenomenology
are especially relevant if the deviations from classical general relativity imposed by
quantum gravity turn out to be roughly similar to those that occur in BECs with respect to the relativistic regime. In BECs, the effective low-energy Lorentz symmetry
is broken as follows. The full dispersion relation between the frequency ω and the
wave number k is of the ‘superluminal’ (strictly speaking: supersonic) type:
ω 2 = c2 k 2 + α2 c2 k 4 ,

(1.2.1)

with α a parameter (of dimension [α] = L) sufficiently small such that a relativistic
dispersion relation ω 2 = c2 k2 is recovered at low energies. Note again, as in the metric (1.0.2), that c represents here the (low-frequency) speed of sound. This dispersion
relation indicates that the high-frequency modes move at a speed higher than the
speed of sound. Essentially, the gravitational analogy in a BEC is then of particular
relevance for quantum gravity phenomenology if quantum gravity (independently
of its fundamental structure) modifies the observable low-energy physics in a way
that can be written as a modified dispersion relation with respect to some preferred
2 We

again stress the kinematical aspect: the condensed matter analogy does not reproduce the
Einstein equations, and hence does not allow to study quantum gravitational corrections to the dynamics of general relativity beyond the linear regime.
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reference frame.3 This is obviously an experimental issue which is far from being
settled. Ultimately, it means that the condensed matter model is not a good phenomenological model if quantum gravity turns out to be strictly Lorentz invariant,
although even then it could still teach us valuable lessons about the implications of
this strict invariance. It is perhaps also of limited use for Doubly Special Relativity
and related types of Lorentz modification which can also lead to modified dispersion relations, but in general of a more complicated form and, more importantly,
without breaking the equivalence of reference frames [2]. However, it is certainly a
natural model for effective field theory approaches in general, which form the bulk
of current efforts at quantum gravity phenomenology [3; 85].
Quantum gravity phenomenology from condensed matter models is therefore
an illustration of what one could call a ‘bottom-up’ approach to quantum gravity: a
study of the first deviations that could occur with respect to the known low-energy
(Lorentz invariant) laws of physics of our universe, based on the kind of deviations
that occur in laboratory systems which reproduce low-energy effective Lorentz invariant spacetimes similar to the one of our universe. This approach is therefore
complementary to the traditional ‘top-down’ approaches to quantum gravity such
as string theory or loop quantum gravity, which postulate a basic structure for our
universe or its geometry (or a basic set of mathematical guidelines for arriving at
such a structure) and then attempt to connect these basic principles with our known
physics. Recovering the (semi)classical limit for our universe (i.e., the “reconstruction problem”, as it is called in [32]) is precisely one of the main open problems in all
such top-down approaches. Actually, at present, it is not clear whether the semiclassical limit is uniquely defined for any of those top-down approaches, and so none of
them make any falsifiable prediction with respect to modified dispersion relations,
or even with respect to Lorentz invariance in general. Therefore, to bridge the gap,
it should be clear that there is a genuine interest for a bottom-up approach such as
the one discussed here.

1.3

From analogue gravity to emergent gravity

Finally, the condensed matter analogy with gravity can be taken another step further. If relativistic spacetimes naturally emerge in a multitude of condensed matter
systems, then perhaps gravity as such (now, including its dynamical aspects) is actually a generic property of many physical systems, and not necessarily limited to
3 Note

that we use the term ‘modified dispersion relation’ in the sense traditional in quantum
gravity phenomenology, i.e.: modified with respect to a relativistic dispersion relation.
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the basic structure of our universe. In other words, gravity might be an effective
description emerging at the macroscopic level as a consequence of the collective behaviour of the microscopic constituents of a system. It could even emerge (in some
limit) in a wide variety of microscopic systems. If this turns out to be a correct description of gravity, then one important consequence would be that there is no direct
quantisation procedure leading from the macroscopic to the microscopic degrees of
freedom. Part of the motivation for such an approach is to be found in the previous paragraph: contrarily to the case in top-down approaches for quantum gravity,
the semiclassical limit is well defined in the condensed matter model. Although
not central to this thesis, we will also briefly comment (in chapter 8) on a second
important motivation, namely the dark energy problem.
However, such an approach also raises a number of important questions. First,
as observed repeatedly above, the gravitational analogy in condensed matter systems is currently limited to the kinematical aspects of general relativity, i.e., to the
propagation of (classical or quantum) fields in curved relativistic spacetimes. This
seems to be an important limitation: any serious toy model for a quantum theory
of gravity should lead to the Einstein equations in the adequate regime. Therefore, a crucial question in this respect is the following. Does the condensed matter
analogy simply break down at the observation that the Einstein equations do not
reproduce in a laboratory, or can we take this further and understand precisely why
our universe is ruled by the Einstein equations while laboratory condensed matter systems are not? A second question is related to diffeomorphism invariance and
background independence. The effective geometries that emerge in condensed matter models are obviously background dependent: they depend on the presence of
the condensed matter atoms, which are localised in the geometry of the laboratory.
When extending this to a toy model for the gravitation of our universe, one is naturally led to a structure reminiscent of the ether theories that were popular before the
advent of special relativity [21; 49], whereby the ‘spacetime atoms’ are localised in
an absolute predefined geometry. In particular, this seems to suggest that emergent
gravity models inspired by the condensed matter analogy are not diffeomorphism
invariant in general, contrarily to other approaches such as loop quantum gravity, in
which diffeomorphism invariance is regarded as a crucial requirement for quantum
gravity [104].
We will argue that the problem of diffeomorphism invariance can be separated
in a kinematical part and a dynamical part. Since we have repeatedly stated that
condensed matter models reproduce the kinematical aspects of general relativity, it
perhaps comes as no surprise that the kinematical aspect of the diffeomorphism invariance problem has a solution, which actually involves more conceptual subtlety
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than technical machinery. The dynamical aspect of the diffeomorphism invariance
question, however, is very much an open problem. We will limit ourselves to point
out that it is intimately related to the problem of reproducing the Einstein equations,
and discuss a possible way to tackle this problem, based on Sakharov’s induced
gravity [106], together with some of its problems.

1.4

A very brief history of analogue gravity

In this section, we will mention some historical landmarks in the development of
analogue models of gravity with particular relevance to the present thesis. A comprehensive review with an extensive history section can be found in [15].
Although it had already been known for several years that relativistic metrics
such as (1.0.2) could be written explicitly for the propagation of sound waves in
inviscid fluids [135], the original observation that this allows (acoustic) black hole
configurations, and thereby the possibility of studying high-energy (quantum gravitational) effects on black hole physics is due to Unruh in a seminal paper published
in 1981 [114]. Perhaps curiously, this paper received little attention, until Jacobson
took up Unruh’s suggestion to study the transplanckian problem in Hawking radiation ten years later [65]. This led to a burst of interest and the appearance of
several papers on the robustness of Hawking radiation (see chapter 7), all based
on more or less abstract models for the transplanckian physics. In a crucial paper
from 1998 [117], Visser established the gravitational analogy on firm foot by deriving (1.0.1) and (1.0.2) as a rigorous theorem of mathematical physics and studying
in detail the analogue equivalents of quantities associated with black holes such as
the horizon, ergosphere and surface gravity.
In parallel, several proposals were made for concrete physical systems in which
black hole analogies could be simulated, including (see [15] and references therein)
solid state models, slow light in dielectrics, gravity waves in shallow water, and
two key proposals in the area of condensed matter: a series of works by Volovik
on gravitational analogies in 3 He-A, culminating in the appearance in 2003 of the
book [124], and the proposal by Garay et al. in 2000 to simulate black holes in Bose–
Einstein condensates [56]. Shortly thereafter, the first explicit discussion of how
BEC black holes could be used to simulate Hawking radiation in a laboratory is
due to Barceló, Liberati and Visser [13]. A workshop held in Rio de Janeiro in 2000,
exclusively dedicated to analogue models of gravity, marked the maturity of the
field and led to the publication of the reference book [95].

1.5. SYNOPSIS
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Finally, to end this brief overview, the 2005 review [15] firmly settled the field
of analogue gravity as an active and well-established research programme within
the gravity community, while it seems that the idea of possible laboratory simulations of Hawking radiation has matured sufficiently to be taken very seriously in
the condensed matter community, as illustrated for example by [35; 43].
Note that most of the work appearing on gravitational analogies can indeed be
divided into the three categories that we discussed above: analogue gravity as such
(with a main focus on laboratory simulations), quantum gravity phenomenology,
and emergent gravity:
• An increasingly important number of papers, in the line of [13] cited above,
discuss the possibility of laboratory simulations of phenomena such as Hawking radiation or particle creation in expanding universes.
• A second set of works, following the central message of Unruh’s original paper [114], use the gravitational analogy in fluid and other systems mainly as an
inspiration for quantum gravity phenomenology, the lion’s share being dedicated to the possible influence of transplanckian physics on Hawking radiation.
• Finally, Volovik [124], apart from studying the possibility of laboratory experiments on the gravitational analogy in liquid Helium, is also the main advocate
of taking the condensed matter analogy seriously as a candidate toy model for
emergent gravity.

1.5

Synopsis

Most of the work discussed in this thesis is relevant mainly for the second level of
interpretation, namely that of quantum gravity phenomenology. It also has obvious
consequences for analogue gravity and laboratory simulations as such, in the following sense. We will see that departures from the hydrodynamic regime in a BEC
(at high energies and in the presence of horizons) predict deviations from the standard relativistic phenomena related to black hole physics, such as Hawking radiation. Therefore, if these deviations are sufficiently strong, then apart from providing
a possible window to quantum gravity phenomenology, they could also show up
spontaneously and even inevitably in laboratory experiments reproducing the BEC
analogues of these relativistic phenomena. We will end this thesis by making some
comments on the third and strongest level of interpretation, which takes the con-

16

CHAPTER 1. INTRODUCTION

densed matter model seriously as a possible toy model for a full theory of quantum
gravity.
The structure of this thesis is then the following. In chapter 2, we discuss some
general preliminaries with respect to effective spacetimes in condensed matter systems and in BECs in particular. Since this thesis is mainly directed at the (quantum)
gravitational community, we start with a brief refresher of some basic BEC theory,
including the Gross–Pitaevskii equation which describes the evolution of the condensed phase of the BEC in the mean-field approximation. We then describe the obtention of the effective acoustic metric, and stress that this allows the consideration
of black hole configurations. Finally, we derive the Bogoliubov dispersion relation
and look at the hydrodynamic limit. We emphasise that in this hydrodynamic limit,
the dispersion relation acquires a relativistic form, and examine the validity of this
hydrodynamic or relativistic limit.
In chapter 3, we present a simple model for effectively (1+1)-dimensional black
hole configurations in a BEC. The model consists of two homogeneous regions with
a step-like discontinuity in the density profile. Although such a model is highly idealised, we argue that it captures the essence of the physics that we are interested in,
at least for the purpose of studying the dynamical behaviour of black hole horizons
in BECs. We derive the matching conditions that connect the magnitudes describing the condensate, such as its density and phase and their derivatives, across the
discontinuity. Finally, we develop a numerical method to find the dynamical modes
(instabilities and quasinormal modes) of such configurations.
This setup is then applied to the dynamical modes of such (1+1)-dimensional
black hole configurations in a BEC, namely an analysis of the dynamical instabilities
in chapter 4, and a quasinormal mode analysis in chapter 5, respectively.
In chapter 4, we first indicate the slightly confusing state of the literature with
respect to the dynamical stability of black hole horizons in BECs, and highlight the
importance of this issue with respect to the possibility of simulating Hawking radiation in a BEC. We then thoroughly discuss the boundary conditions that are needed
to apply the algorithm developed in the previous chapter, and analyse the possible
appearance of dynamical instabilities. We discuss the results both for black hole
and white hole horizons, and show that black hole horizons are generally stable,
although we stress that modifying the boundary conditions (e.g., by introducing a
wall or sink into the condensate) could affect this result. For a white hole horizon,
the stability or instability is shown to depend even more crucially on the type of
boundary conditions applied. In any case, we conclude that stable black hole configurations are possible, at least in principle. This means that studying the stable
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dynamical modes or quasinormal modes, as well as the Hawking radiation, of BEC
black hole configurations indeed makes sense.
The structure of chapter 5 is the following. After a general introduction on quasinormal modes of black holes (essentially: relaxation modes of the black hole after
perturbation), we examine the boundary conditions that are applied in general relativity to calculate the quasinormal modes of a black hole, and discuss how these
should be modified in the case of BECs due to the superluminality of the dispersion relation. We emphasise that in general relativity, no quasinormal modes exist
in (1+1)-dimensional configurations, whereas a discrete spectrum appears in 3+1 dimensions. The same is true for acoustic black holes in the hydrodynamic limit. We
then apply the procedure outlined in chapter 3 to verify the occurrence of quasinormal modes in the simple (1+1)-dimensional model presented earlier when using
the full dispersion relation, including non-relativistic corrections. Not only do we
find that such quasinormal modes indeed exist, but quite remarkably, their spectrum turns out to cover a continuous region of the complex frequency plane. A
rough dimensional estimate shows that these quasinormal modes are short-lived,
indicative of a relaxation at the microscopic scale. This leads us to speculate that the
discrete spectrum resulting from the standard quasinormal mode analysis in (3+1)dimensional general relativity will also develop continuous bands if the dispersion
relations at high energies undergo superluminal modifications. Such additional
modes, though perhaps too short-lived to be detectable directly, could in principle leave a trace of transplanckian (quantum gravitational) physics in the spectrum
of gravitational waves emitted by black holes.
In a brief intermezzo, chapter 6, we discuss in slightly more detail the link between modified dispersion relations of the type that occur in BECs, and the Lorentz
symmetry violation scenarios that are expected in quantum gravity phenomenology. This link justifies why we speculate that some of the results obtained in the two
previous chapters can be directly extrapolated to such scenarios of quantum gravity
phenomenology. It also allows us, instead of developing the gravitational analogy
starting from the microscopic theory of a BEC as we did in the previous chapters,
to directly study the impact of modified dispersion relations. Such an approach is
then valid both for quantum gravity phenomenology in a scenario with superluminal dispersion relations, and for analogue gravity in a BEC. We adopt this strategy
in the next chapter.
Chapter 7 studies the impact of superluminal dispersion relations on the latetime radiation or Hawking radiation from the formation of a black hole through a
dynamical collapse. We start with a detailed motivation of why this study is rel-
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evant in spite of the extensive literature already existing with regard to Hawking
radiation and the transplanckian problem. In particular, we highlight that most existing studies have focused on stationary black hole configurations and subluminal
dispersion. We also stress, as already mentioned at the beginning of this section, that
if strong deviations from the standard Hawking picture are predicted, then these
could spontaneously show up in laboratory simulations of the phononic equivalent
of Hawking radiation in a BEC. We then discuss the classical geometry of our collapse model, and propose two concrete profiles, which differ in the behaviour of
their surface gravity. The first profile considers a black hole with a constant surface
gravity, while in the second one—characteristic of a Schwarzschild black hole—the
surface gravity increases with frequency. This frequency-dependence of the surface
gravity can be traced back to the fact that the horizon itself becomes a frequencydependent concept because of the modified dispersion relation, am issue which we
discuss in detail. The main body of the chapter consists in a concise derivation
of the standard Hawking radiation, i.e., with relativistic dispersion relations, and
a demonstration of how this derivation can be adapted to account for superluminal dispersion relations. We obtain an analytic expression for the late-time radiation from the collapse of a black hole with superluminal high-frequency dispersion.
Three important differences with the standard case can be deduced from this expression. First, we highlight the dependence on a critical frequency which appears
during the collapse process due to the superluminal dispersion, and above which
no horizon is experienced. Second, we stress the importance of the surface gravity,
which is shown to become frequency-dependent as well, again due to the superluminality of the dispersion relation. Finally, we point out that the radiation originating from the collapse process dies out as time advances. We then numerically
integrate the analytic expression for the late-time radiation, and graphically illustrate the three issues just mentioned. In particular, it is clearly seen that the existence of a critical frequency implies that the radiation is fainter than in the standard
case, even in a profile with constant surface gravity, unless this critical frequency
goes to infinity (i.e., unless a singularity is formed at the end of the collapse). We
also illustrate that the dependence on the surface gravity could lead to important
ultraviolet contributions, depending on the relation between the critical frequency
and the Lorentz symmetry violation scale. Finally, we show the time evolution of
the radiation originating from the collapse and indicate that, for a natural choice of
magnitudes, this extinguishes extremely rapidly. We conclude with a comparison
of our results with other recent results available in the literature, and speculate that
some of the standard assumptions that are taken when arguing for the robustness of
Hawking radiation, which are directly extrapolated from the standard case, might
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be model-dependent and actually broken in a physically realistic collapse scenario
with superluminal dispersion.
Chapter 8 discusses some aspects of how the analogue gravity framework in condensed matter models can be extended to a serious model for emergent gravity. We
start with some general considerations on what quantum gravity could or should
be, and mention that one of the main motivations for an emergent gravity approach
is the dark energy problem. The bulk of this chapter is devoted to the question
of diffeomorphism invariance in emergent gravity models based on the condensed
matter analogy. We argue that this question should be split up into a kinematical
aspect and a dynamical aspect. We discuss why the kinematical aspect of diffeomorphism invariance poses no real problem, since diffeomorphism invariance emerges
at the same level as Lorentz invariance, i.e., it is realised as an effective low-energy
symmetry. This discussion involves some subtle concepts concerning the relation
between internal observers and microscopic physics. We end with some remarks
with respect to the dynamical aspect of diffeomorphism invariance. We argue that
this is essentially identical to the problem of recovering the Einstein equations in
analogue gravity models, and discuss the possibility of using Sakharov’s induced
gravity to such an end, an issue which is under current investigation.
We round off in chapter 9 with an extensive general summary and outlook.
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Chapter 2
Preliminaries
2.1

General considerations

It is widely expected that underneath the general relativistic description of gravitational phenomena there is a deeper layer in which quantum physics plays an important role. However, at this stage we do not have sufficient intertwined theoretical
and observational knowledge to formulate an appropriate description of what underlies gravity. Moreover, starting from structurally complete quantum theories of
gravity, it could still be very difficult to extract the specific way in which the first
‘quantum’ modifications to classical general relativity might show up. This happens for example within the loop quantum gravity approach [6; 105], while in string
theory a huge ‘landscape’ of quantum vacua seems to arise [112], although it is not
clear yet which ones—if any—could correspond to our universe [78].
Analogue models of general relativity in condensed matter systems provide specific and clear examples in which effective spacetime structures ultimately emerge
from (non-relativistic) quantum many-body systems. As mentioned in the introduction, the key point is the realisation that some collective properties of these condensed matter systems satisfy equations of motion formally equivalent to those of
a relativistic field in a curved spacetime. The simplest example is the equation describing a massless scalar field φ,

√
1
φ ≡ √ ∂µ −ggµν ∂ν φ = 0 ,
−g

(2.1.1)

satisfied, for example, by acoustic perturbations in a moving perfect fluid. These
acoustic perturbations therefore travel along the null geodesics of the acoustic metric gµν . The finite speed of propagation of the perturbations in the effective fields
21
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(in our case, the speed of sound) plays the role of the speed of light in fundamental
physics.
This example illustrates how for certain (semiclassical) configurations and low
levels of resolution, one can appropriately describe the physical behaviour of the
system by means of a (classical or quantum) field theory in a curved Lorentzian
background geometry. However, when one probes the system with higher and
higher resolution, the geometrical structure progressively dissolves into a purely
microscopic regime [9]. Therefore, although analogue models cannot be considered
at this stage complete models of quantum gravity (since they do not reproduce the
Einstein equations), they provide specific and tractable models that reproduce many
aspects of the overall scenario expected in the realm of real gravity.
The main objective of studies such as the ones that we will present in this thesis
is then to obtain specific indications about the type of deviations from the general
relativistic behaviour to be expected when quantum gravitational effects become
important. All, under the assumption that the underlying structure to general relativity is somewhat similar to that in condensed matter systems. For reasons that we
will elaborate in this chapter, we are interested in the case of Bose–Einstein condensates (BECs).
There are two ways of proceeding. The first way is to start from a theoretical
description of BECs, elaborate the gravitational analogy and see which type of deviations arise with respect to the relativistic model. By extrapolation, one can then
expect the same kind of deviations to occur in gravity if quantum corrections to
gravity have a nature similar to the non-relativistic corrections that show up in BECs
beyond the hydrodynamic or relativistic limit.
The second way is to directly calculate some possible quantum corrections in
gravity, by modifying the standard relativistic description of a (predicted) gravitational phenomenon in a way which immediately incorporates the kind of modifications suggested by the condensed matter analogy. This essentially consists in replacing the relativistic dispersion relations by superluminally modified dispersion
relations in a consistent way, as we will discuss in detail further on.
We will apply the first approach to an analysis of the dynamical stability (chapter 4) and of the quasinormal mode spectrum (chapter 5) of black hole configurations
in Bose–Einstein condensates, based on a (1+1)-dimensional model which we introduce in chapter 3. Subsequently, the second approach will be applied to Hawking
radiation for collapsing configurations (chapter 7). First of all, though, in this chapter, we will review some basic elements of BEC theory and of how the gravitational
analogy in a BEC is obtained.

2.2. BOSE–EINSTEIN CONDENSATES OF DILUTE ATOMIC GASES
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Bose–Einstein condensates of dilute atomic gases

In this section, a brief general refresher of the theory of Bose–Einstein condensation
will be given [36; 45] together with some relevant numbers related to their experimental achievement [72; 111].
A Bose–Einstein condensate is an aggregation state of matter which arises in
a many-body system of bosons, confined through an external potential, when a
macroscopic amount of them are led to occupy the ground state determined by this
external potential. Such bosonic many-body systems can be described in terms of
b (r) and Ψ
b † (r) that annihilate and create particles, together
quantum field operators Ψ
with the appropriate equal-time commutation rules
b ( r ), Ψ
b (r0 )] = 0 ,
[Ψ

b † ( r ), Ψ
b † (r0 )] = 0 ,
[Ψ

b ( r ), Ψ
b † (r0 )] = δ(r − r0 ) ,
[Ψ

(2.2.1)

b † (r)Ψ
b † ( r 0 )V ( r 0 − r ) Ψ
b (r)Ψ
b (r0 ) .
dr dr0 Ψ

(2.2.2)

and a Hamiltonian typically of the form
b=
H

Z

b (r) + 1
dr Ψ (r)h0 (r)Ψ
2
b†

Z

Here,

h̄2 2
∇ + Vext (r)
(2.2.3)
2m
is the non-interacting single-particle Hamiltonian, m the atomic mass, Vext the external trapping potential, and it has been assumed that the many-body interactions are
well modelled by a two-body interaction potential V (r0 − r).
h0 ( r ) = −

When the system is cooled below a certain critical temperature Tcrit , it condenses,1
b can be separated into a macroscopic wave function ψ plus quantum fluctuand Ψ
ations. In atomic systems, the interaction between the atoms implies that some of
them are excited even at zero temperature, in contrast to the ideal or pure Bose condensate depicted in Fig. 2.1. The proportion of excited atoms or quantum depletion
increases from typically 0.1% at zero temperature to still less than 1% at the nonzero temperatures achieved in laboratory experiments. By contrast, in helium, the
main other quantum liquid used for the study of gravitational analogies, the quantum depletion is of the order of 90%, making the theoretical treatment much more
complicated.
Note that the theory of Bose–Einstein condensation is in principle applicable to
bosonic many-body systems in general. However, most systems would experience
1 The

condensation of a BEC takes place in momentum space: all atoms tend to the lowest energy
state characterised by k = 0. For experimental implementations with atomic gases, the condensation
in momentum space is accompanied by a condensation in position space, see Fig. 2.2, due to the use
of harmonic traps.
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a classical phase transition to liquid and solid state long before the quantum degeneracy occurs, thereby seriously complicating the simple theoretical treatment of
the condensation described so far. In order to avoid this, the most successful approach has been to use weakly interacting alkaline atomic gases with extremely low
densities, i.e. dilute atomic gases, combined with rapid cooling techniques to prevent
solidification.
For such gases, the evolution equation for the condensed part ψ can be obtained
as follows. Binary collisions characterised by the s-wave scattering length a are the
main relevant interaction in a cold dilute gas. One can then replace the interaction
potential V (r0 − r) in the Hamiltonian (2.2.2) by the effective prescription
V (r0 − r) = gδ(r0 − r) ,

(2.2.4)

with g = 4πh̄2 a/m the effective coupling constant. The Hamiltonian becomes
b=
H

Z

b †Ψ
b †Ψ
bΨ
b] ,
b † h0 Ψ
b + gΨ
d3 r [ Ψ
2

(2.2.5)

b is
and the evolution equation for Ψ
b ] = ( h0 + g Ψ
b = [Ψ,
b H
b †Ψ
b )Ψ
b.
ih̄∂t Ψ

(2.2.6)

Since the quantum depletion is small, it makes sense to use a mean-field approach
and expand the theory as a perturbation series around the macroscopic wave funcb in
tion ψ. The zeroth-order term can be obtained simply by substituting ψ for Ψ
eq. (2.2.6), which gives the non-linear Schrödinger equation or Gross–Pitaevskii equation
ih̄∂t ψ = (h0 + g|ψ|2 )ψ .
(2.2.7)
This classical mean-field equation is known to provide an excellent approximation
for the evolution of the condensed phase ψ in the case of weakly interacting systems
(s-wave scattering length a much smaller than the interatomic distance, or in other
words: na3  1, with n the particle density) containing a large number of atoms.
Bose–Einstein condensation was first experimentally observed in 1995 at JILA
in rubidium (87 Rb), and at MIT in sodium (23 Na), see Fig. 2.2. Since then, about
a dozen other atomic gases including 7 Li, 1 H and 85 Rb have followed, 87 Rb and
23 Na still being the favourites from an experimental point of view [111]. Apart from
atomic gases in weakly interacting regimes, Bose–Einstein condensation has also
been achieved in strongly interacting regimes [44] by tuning the scattering length
through the use of a magnetic Feshbach resonance [52; 64].2 This technique was
2 Note

that condensation of bosons in a strongly interacting regime is also responsible for the
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Figure 2.1: Criterion for Bose–Einstein condensation, taken from [72]. d is the interatomic distance and λdB the thermal or de Broglie wavelength, which is a measure
for the extent of the wavepackets associated with the atoms (λdB ∝ T −1/2 ).

also used to suddenly switch from a weak repulsive to a strong attractive interaction, producing a violent collapse followed by a partial explosion process called
“Bose nova” because of its similitude with astrophysical supernova explosions [47].
As another striking example, in magnons, a collective excitation of the atomic spin
structure of a crystal in the presence of an external magnetic field, Bose–Einstein
condensation has recently been achieved at room temperature [46].
A few illustrative numbers associated with BECs in atomic gases are the following [5; 111]. The critical temperatures involved are typically from a few hundred
nK to a few µK, at densities between 1014 and 1015 atoms/cm3 . The total amount of
atoms in a BEC ranges from only a few hundred to roughly 100 million in Na and
Rb and about 1 billion in atomic hydrogen (note that larger amounts are desirable
mainly because they make the experiment more robust with respect to impurities
and misalignments), with typical condensate sizes varying from 10 µm to a few hundred µm. Finally, two parameters that we will regularly need in this thesis are the
speed of sound c and the healing length ξ, which, roughly speaking, is the distance
needed for the condensate to smoothen out a sharp inhomogeneity in the atomic
density. Typical values for the velocity of sound c in BECs range between 0.5mm/s
and 10mm/s, while the healing length ξ usually lies between 100nm and 2µm.
superfluidity of 4 He, a phenomenon which has been observed as early as in 1938 [71]. However,
4 He is not well described by the standard mean-field theory of Bose–Einstein condensation since less
than 10% of the atoms are in the condensed state, due to the strong interaction between the atoms.
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Figure 2.2: Experimental observation of Bose–Einstein Condensation in 87 Rb at JILA
(above) and in 23 Na at MIT (below). In both pictures, the left frame represents the gas
at a temperature just above the critical condensation temperature, the centre frame
the same gas just after the condensation and the right frame a nearly pure condensate. The upper picture is a computer image of the momentum distribution, the
lower one of the spatial distribution.

Apart from being a very active field of research in themselves, Bose–Einstein
condensates have also become an “ultralow-temperature laboratory for atom optics, collisional physics and many-body physics” [5]. And one might add: “for highenergy physics”, as illustrated not only by the many works on analogue gravity in
BECs, but also for example on braneworlds in warped spacetimes [14] and a suggestion to probe certain aspects of supersymmetry in a Bose–Einstein condensate [110].
Here, we will focus on the gravitational analogy in BECs in regimes that can be
described by mean-field theory.

2.3

Gross–Pitaevskii equation and quantum potential

In the previous section, we arrived at the Gross–Pitaevskii equation
!
∂
h̄2 2
ih̄ ψ(t, r) = −
∇ + Vext (r) + g |ψ(t, r)|2 ψ(t, r) ,
∂t
2m

(2.3.1)
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which describes the evolution of the condensate’s macroscopic wave function or
order parameter ψ, and where we have now explicitly indicated the spatial and
temporal dependencies.3 We remind the reader that m is the boson mass, Vext the
external potential and g a coupling constant which is related to the corresponding
s-wave scattering length a through g = 4πh̄2 a/m.
The Gross–Pitaevskii equation can be expressed in terms of hydrodynamic quantities such as the local speed of sound c and the velocity of the fluid flow v. This
proceeds by first introducing the hydrodynamic or Madelung representation for the
order parameter in the Gross–Pitaevskii equation:
√
(2.3.2)
ψ = neiθ/h̄ e−iµt/h̄ .
Here n is the condensate density, µ the chemical potential and θ a phase factor. Substituting in eq. (2.3.1) we arrive at
1
∇ · (n∇θ ) ,
m
1
∂t θ = −
(∇θ )2 − g n − Vext − µ − Vquantum ,
2m

∂t n = −

where the so-called ‘quantum potential’ is defined as
√
h̄2 ∇2 n
√
Vquantum = −
.
2m
n

(2.3.3)
(2.3.4)

(2.3.5)

In many situations the quantum potential in eq. (2.3.4) can be neglected, a point
to which we will return in section 2.6. The resulting equations (2.3.3) and (2.3.4)
are then equivalent to the hydrodynamic equations, i.e., a continuity equation and
an Euler equation, for a perfect classical fluid. In this case, it is well known that
the propagation of acoustic waves in the system can be described by means of an
effective metric, thus providing the analogy with the propagation of fields in curved
spacetimes [114; 117], as we will illustrate in the next section. Given a background
configuration (n0 and θ0 ), this metric can be written as
!
2
2
T
m
v −c
−v
gµν = c
,
(2.3.6)
g
−v
1
where 1 is the 3 × 3 unit matrix, c2 ≡ gn0 /m and v ≡ ∇θ0 /m. These magnitudes,
c and v, represent the local speed of sound and the local velocity of the fluid flow
respectively.
3 Note

that the external potential Vext can also be time-dependent, and can even be used to tune
the coupling constant g through a Feshbach resonance, as mentioned in the previous section. For
simplicity, we will assume both Vext and g time-independent.
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2.4

Effective acoustic metric

Acoustic waves or phonons are linear perturbations of a background solution to the
Gross–Pitaevskii equation. In order to linearise the eqs. (2.3), we write
e1 (r, t) ,
n(r, t) = n0 (r) + g−1 n

(2.4.1)

θ (r, t) = θ0 (r) + θ1 (r, t) ,

(2.4.2)

e1 and θ1 are small perturbations of the density and phase of the BEC (the
where n
coupling constant g is included in the linearisation of n for notational convenience).
The eqs. (2.3) then separate into two time-independent equations for the background:
0 = −∇ · (c2 v) ,

(2.4.3a)
2

∇2 c

h̄
1
,
0 = − mv2 − mc2 − Vext − µ +
2
2m c
plus two time-dependent equations for the perturbations:


e1 = −∇ · n
e1 v + c2 ∇θ1 ,
∂t n

 
e1
1 2
n
2
e1 + ξ ∇ · c ∇
∂ t θ1 = − v · ∇ θ1 − n
,
4
c2

(2.4.3b)

(2.4.4a)
(2.4.4b)

where ξ ≡ h̄/(mc) is the healing length of the condensate, which, as we mentioned
in 2.2, can be understood as the distance over which an otherwise homogeneous
condensate recovers or ‘heals’ from a sharp inhomogeneity. The effective acoustic
metric (2.3.6) can then be derived as follows.
In the hydrodynamic or acoustic limit, the last term on the right-hand side of
eq. (2.4.4b), which is a direct consequence of the presence of the quantum potene1 from the remaining
tial (2.3.5) in eq. (2.3.4), can be neglected. Then, extracting n
terms in eq. (2.4.4b) and plugging into eq. (2.4.4a), the result can be written in fourdimensional notation4 as
∂µ ( f µν ∂ν θ1 ) = 0 ,
(2.4.5)
where
f

µν

(t, r) ≡

−1
− vi

!
−v j
.
c2 δij − vi v j

(2.4.6)

√
Define −ggµν = f µν , where g ≡ det(gµν ), and hence also g = det( f µν ). By inverting gµν , we obtain the acoustic metric
!
n v2 − c2
− vT
gµν (t, r) =
.
(2.4.7)
c
−v
1
4 We

use the convention x µ = (t, r).
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Note that we have derived this acoustic metric from the Gross–Pitaevskii equation.
However, the same result can be obtained directly by combining and manipulating
the Euler and continuity equations for an irrotational flow of any non-viscid and
barotropic fluid [117]. Some indications of why we are nevertheless specifically interested in BECs have already been given in the introduction. We will postpone a
more detailed motivation until section 2.7.
From eq. (2.4.7), the wave equation for the propagation of the fluctuation field θ1
of the velocity potential (the sound wave), is

√
1
θ1 ≡ gµν ∇µ ∇ν θ1 = √ ∂µ ( −ggµν ∂ν θ1 ) = 0 .
−g

(2.4.8)

In other words, acoustic perturbations propagate according to a d’Alembertian equation of movement, which is formally identical to the wave equation of a massless
scalar field propagating in a curved spacetime.
Before moving back to the main discussion, a few remarks might be in place.
First, note that the effective or acoustic metric has a Lorentzian signature (−, +, +, +).
So the collective behaviour of the condensate really gives rise to the emergence of
an effective curved background spacetime for the propagation of the phonons.
Second, it is important to stress that we are dealing with a bi-metric system. Of
course, each part of the system (background and perturbations) can only couple to
one metric. The first one is the usual Minkowski metric for flat spacetime
ηµν = (diag[−c2light , 1, 1, 1])µν .

(2.4.9)

This metric governs the background fluid, in which relativistic effects are totally
negligible, since for the fluid flow velocities involved: v  clight . The background
fluid couples only to this metric. The phonons or acoustic perturbations, on the
other hand, do not see this flat-space metric but are instead governed only by the
effective acoustic metric gµν . It is thus seen that the classical Newtonian dynamics of
the background fluid leads to an effective low-energy relativistic curved Lorentzian
spacetime metric for the sound waves.
Third, the sign of gtt in (2.4.7) depends on the values of c and v, i.e., on the fluid
regime. A change of sign in gtt characterises an ergoregion. For a purely radial
flow, ergoregion and horizon coincide. Therefore, if we can manipulate our system
in such a way that for some rh , a subsonic outside region and a supersonic inside
region are created, i.e.:
c2 (r ) > v2 (r )

for r > rh

(subsonic outside region) ,

c2 (r ) < v2 (r )

for r < rh

(supersonic inside region) ,
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then there will be a horizon at rh :
c(rh ) = |v(rh )| .

(2.4.10)

Indeed, for c2 − v2 > 0, gtt is negative, indicating the timelike character of the time
coordinate, whereas for c2 − v2 < 0, gtt becomes positive and so this coordinate
becomes spacelike. As time marches on, any particle in the supersonic inside region
will irrevocably move towards the centre of the system (r = 0), where the singularity
would lie in the case of a gravitational black hole.
Finally, in general we will be mainly interested in fluctuations on top of a stationary background, with the notable exception of chapter 7, where we examine the
Hawking radiation in a collapsing geometry. In stationary cases, we can write
∂t n = ∂t c = ∂t v = 0.

(2.4.11)

As a further simplification, we will focus on effectively (1+1)-dimensional configurations and write c(t, x ) and v(t, x ). This means that we consider perturbations
propagating in a condensate in such a way that the transverse degrees of freedom
are effectively frozen. In other words, the only allowed motions of both the perturbations and the condensate itself are along the x-axis.
We now move back to the main line of discussion.

2.5

Dispersion relation

A crucial element in the quantum gravitational analogy is the phononic dispersion
relation in a BEC and how it compares to its relativistic counterpart.
To derive the dispersion relation, consider a region in which the condensate is
homogeneous (with c and v constant), and seek for solutions of eqs. (2.4.4) in the
form of plane waves:
e1 (t, x ) = Aei(kx−ωt) ,
n

(2.5.1a)

θ1 (t, x ) = Bei(kx−ωt) ,

(2.5.1b)

where A and B are constant amplitude factors. We stress that the frequency ω and
the wave number k are not restricted to real values, but are allowed to be complex.
The imaginary parts of ω and k will encode the dynamical behaviour of the system.
Substituting into eqs. (2.4.4) we find
 

A
i (ω − vk)
c2 k 2
 

(2.5.2)
  = 0 .

1 2 2
−i (ω − vk)
B
1 + 4ξ k
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For a non-trivial solution to exist, the determinant of the above matrix must vanish.
This immediately leads to the Bogoliubov dispersion relation.
1
(ω − vk)2 = c2 k2 + c2 ξ 2 k4 .
4

(2.5.3)

This equation is globally valid in homogeneous condensates. In non-homogeneous
configurations, it is still valid as a strictly local dispersion relation, provided that the
quantities involved (c, v, ξ and k) all vary slowly with x.
The full dispersion relation (2.5.3) is quartic in k. It should be compared to the
hydrodynamic dispersion relation obtained by neglecting the quantum potential:

(ω − vk)2 = c2 k2 .

(2.5.4)

Such a hydrodynamic dispersion relation is of the usual quadratic relativistic form.
This fundamental observation allows us to refer to the hydrodynamic or the relativistic
limit interchangeably.
However, we are not so much interested in this hydrodynamic or relativistic
limit, but precisely in deviations from it. Therefore we will always work with the full
dispersion relation, and only use the hydrodynamic limit as a means of comparison.
The key point is that, because the full dispersion relation is quartic, when writing
the mode uω corresponding to a certain frequency ω:
uω = e−iωt ∑ A j eik j x ,

(2.5.5)

j

there are now four contributions to this mode, stemming from the four values of k
associated with each value of ω. In the hydrodynamic limit there are obviously only
two contributions to each uω -mode:
k1,2 = ω/(v ± c),

(2.5.6)

In the configurations that we will analyse, the additional modes will turn out to play
a crucial role at all frequencies because of the presence of black hole horizons, as we
will discuss in the next section.
Another crucial aspect of the non-hydrodynamic corrections at high frequencies
is that these make the dispersion relation ‘superluminal’ (i.e., superphononic or supersonic). Indeed, the group velocity for the modes which behave like eq. (2.5.6) in
the hydrodynamic limit can in general be written as
vg ≡

dω
= v ± ck ,
dk

(2.5.7)
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2/ξ
Figure 2.3: Behaviour of the effective speed of sound ck as a function of the wave
number k in a BEC. Due to high-frequency non-hydrodynamic (non-relativistic)
corrections, the effective speed of sound starts to increase significantly around the
Lorentz symmetry breaking scale k L ≡ 2/ξ, and becomes effectively superphononic
(ck > c).

with an effective propagation speed
1 + 1 ξ 2 k2
ck = c q 2
,
1 + 14 ξ 2 k2

(2.5.8)

(see Fig. 2.3). For sufficiently large wave numbers, ck becomes significantly larger
than c, i.e., it becomes effectively superphononic.
The connection with quantum gravity phenomenology is the following. In a
wide range of phenomenological scenarios for quantum gravity, violations of the
local Lorentz symmetry are expected at high frequencies. When these Lorentz violations are associated with the existence of privileged reference frames, they typically
lead to modified dispersion relations of the kind
ω 2 = c2 k 2 ± c2

k4
,
k2L

(2.5.9)

with k L the local Lorentz symmetry breaking scale (and obviously c represents the
speed of light in this last equation). BECs therefore provide a concrete example of
such a dispersion relation with ‘superluminal’ Lorentz-breaking corrections, characterised by a Lorentz violation scale k L ≡ 2/ξ. We will come back to the connection
with quantum gravity phenomenology in chapter 6.

2.6

Validity of the hydrodynamic approximation

The functions c(t, x ) and v(t, x ) completely characterise the acoustic metric. In general relativity, any metric has to be obtained by solving the Einstein equations. Here,
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however, the magnitudes c(t, x ) and v(t, x ), and so the acoustic metric, are those satisfying the continuity and Euler equations of hydrodynamics, eqs. (2.3) without the
quantum potential. Thus, these equations play a role analogous to the vacuum Einstein equations in general relativity. Of course, at the global non-linear level these
hydrodynamic equations are completely different from the real Einstein equations.
But we are interested in their behaviour when linearised around a background solution. Although this does not lead to the full complexity that is expected in general
relativity (if only because the fluctuations of the metric here are characterised by a
scalar or spin-0 field, versus a spin-2 tensor field in general relativity), it still captures much of the essence of a proper linearised general relativistic behaviour.
There exist, however, situations in which the quantum potential in eq. (2.3) cannot be neglected, and the hydrodynamic approximation is not valid. To analyse
this, we start from the full dispersion relation. One can obtain the hydrodynamic
approximation by writing ω as a series expansion in terms of ξk, and truncating the
higher order terms, i.e.:
!
r
1 2 2
ω =
v±c 1+ ξ k k
4
1
' (v ± c)k ∓ cξ 2 k3 + O(ξ 4 k5 ) ' (v ± c)k + O(ξ 2 k3 ).
8

(2.6.1)

For the series expansion to make sense, one must have ξk  1, i.e., the frequencies
must be small compared to the characteristic scale of the system, or in other words
the wavelengths must be much larger than the healing length ξ ≡ h̄/(mc). The
truncation moreover requires
ξ 2 k2
 1.
8|1 ± v/c|

(2.6.2)

This second condition is never satisfied around a horizon (c = |v|). Therefore, near a
horizon, the additional modes that are not present in the hydrodynamical limit are
always important, even at low frequencies. Whenever probing the configuration
either with high frequencies, or near the horizon (with any frequency), the geometrical picture will dissolve and the underlying microscopic structure will appear to
some degree.
Without forgetting this subtlety, we will continue to call eq. (2.3.6) the ‘effective’
or ‘acoustic’ metric in the system, even when analysing the full Gross–Pitaevskii
equation. Then, we can consider the equations (2.3) to play a role similar to the vacuum Einstein equations. Their treatment is classical, but they incorporate corrections containing h̄. Therefore, the standard treatment of BECs based on the Gross–
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Pitaevskii equation provides an example of a way of incorporating quantum corrections to the dynamics of a system without recurring to the standard procedures
of back-reaction. Again, at the global non-linear level these equations bear no relationship whatsoever with any sort of ‘semiclassical’ Einstein equations, nor do they
present sufficient complexity to lead to spin-2 fields that could be the analogue of
gravitational waves. However, at the linear level, that is, in terms of linear tendencies of departing from a given configuration, equations (2.3) encode much of the
essence of the linearised general relativity behaviour (a Lorentzian wave equation
in a curved background), semiclassically modified to incorporate a superluminal
dispersion term, as we have already discussed.

2.7

Why Bose–Einstein condensates?

We mentioned right after eq. (2.4.7) that the effective metric could have been derived
for any irrotational, non-viscid and barotropic fluid, real or idealised. There are
nevertheless several good reasons why we are interested specifically in BECs.
First of all, real fluids have the obvious advantage over idealised fluids of permitting real experiments. It is not too difficult to simulate a black hole horizon in
a real fluid system. For example, engineers routinely produce acoustic horizons in
wind tunnels. Actually, at first sight, any moving fluid, including plain water, might
serve as the background fluid in which to conduct the gravitational analogy, at least
at the level of creating a supersonic flow and associated acoustic horizon. However,
water and other ‘normal’ fluids show a high degree of viscosity which introduces
terms that cannot be moulded in the relativistic form described earlier, and hence
break the gravitational analogy even at low energy. Furthermore, many quantum effects of interest, such as Hawking radiation, would become indistinguishable from
the background noise and impurities in normal fluids such as water. Finally, estimates for the Hawking temperature in water indicate an order of magnitude of
1 µK, which is clearly hopeless to detect at temperatures for which water behaves as
a fluid. Because of these problems, the quest for a useful background fluid leads in
the direction of superfluids. Superfluids have a vanishing viscosity, and some superfluids can be made extremely pure. Two main candidates stand out: Bose–Einstein
condensates in dilute atomic gases and superfluid 3 He.
BECs have the comparative advantage of being conceptually well understood,
and relatively simple to describe theoretically and manipulate experimentally. This
is partly due to the extremely low densities usually involved, which means that the
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interatomic distance is typically a lot greater than the scattering length,5 leading to
rather weak interactions. In superfluid 3 He systems, the density is several orders
of magnitude larger than in the BEC, leading to an interatomic separation of the
same order of magnitude as the scattering length. As a consequence, only a fraction of all the particles are inside the condensate, while the others form a second,
normally fluid phase. Furthermore, the fundamental degrees of freedom in 3 He are
fermionic. The superfluidity arises from Cooper-pair formation between weakly
bound fermions. These pairs behave as bosons, but some of the properties of the
individual fermions persist. All of this stimulates the existence of many secondary
effects, which make 3 He a complex and rich model, in many ways much more appropriate for thinking in analogue terms about our universe than the simple model
provided by BECs [124]. But in terms of conceptual simplicity, Bose–Einstein condensates clearly stand out as the best option. As a simple example, in Bose–Einstein
condensates under normal energetic circumstances, atomic interactions only take
place in the s-wave. A much higher temperature than the condensation temperature, or a far higher atom density, would be required to excite higher multipole
waves.6 In superfluid 3 He on the other hand, the size of the atom, the thermal de
Broglie wavelength and the interatomic separation are all of the same order of magnitude. This creates a complex and rich situation, but also blurs and mixes effects
which might be interesting to study separately.
Finally, the third reason why we are interested in BECs, is that they provide a
real system in which modified dispersion relations arise. As we mentioned in the
introduction, and will further detail in chapter 6, they therefore offer an interesting
model for a prominent line of research within quantum gravity phenomenology.
The mere occurrence of Lorentz-breaking modifications of the dispersion relations
shows that there exist concrete examples in nature in which Lorentz invariance is
realised as a low-energy effective symmetry, thereby strengthening the assumption
that this might be the case for the local Lorentz invariance of general relativity as
well. Furthermore, such modified dispersion relations also model most types of
possible Lorentz symmetry violations at high energies that are expected from a theoretical quantum gravity phenomenological point of view (at least the ones associated with a preferred reference frame). Also, in contrast to subluminal dispersion,
which gradually dampens the influence of high frequencies, superluminal disper5 Typical values for 23 Na at a density of approximately 1014

atoms/cm3 are 3 nm for the scattering

length, versus 200 nm for the interatomic distance [72].
6 For the same example of 23 Na at a density of approximately 1014 atoms/cm3 , the limiting temperature below which only s-wave scattering occurs is ∼ 1mK, while the condensation temperature
is ∼ 2µK [72].
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sion relations such as those that arise in BECs amplifies the effects of high-frequency
(‘transplanckian’) physics. This makes BECs an interesting probe for the possible influence of microscopic corrections to classical gravity, as well as for the robustness
of phenomena related to black holes, such as Hawking radiation, see chapter 7.

Chapter 3
Black hole configurations in
Bose–Einstein condensates
3.1

A simple (1+1)-dimensional model

We will now apply the theory developed in the previous chapter to analyse the dynamical behaviour of effectively (1+1)-dimensional BEC configurations with density
and velocity profiles containing a single acoustic black hole horizon, see Figs. 3.1 and
3.2. This analysis will be separated into two parts: the dynamical stability will be
examined in chapter 4, and a study of the quasinormal modes is contained in chapter 5. First, in the present chapter, we will discuss the background configurations
and numerical method used in these analyses.
The type of (1+1)-dimensional background profiles that we will examine consists of two regions each with a uniform density and velocity, connected through
a steplike discontinuity, see Fig. 3.1. This is obviously an idealised case, obtained
from Fig. 3.2 in the limit when the intermediate transition region L → 0. We always
consider flows moving from right to left, hence a negative value of v.
The parameters of the configuration are chosen such that there is an acoustic
horizon at the x = 0 discontinuity, which is the formal equivalent of a general relativistic black hole horizon, as described in section 2.4. The left-hand asymptotic
region (x → −∞) mimics a general relativistic black hole singularity in the sense
that nothing can escape from it towards the horizon (we will always impose an adequate boundary condition in order to ensure this). Note, however, that in our model,
this region is perfectly regular, so the analogy with a general relativistic singularity
is limited to the previous aspect.
37
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Figure 3.1: Flow and sound velocity profile consisting of two homogeneous regions
with a steplike discontinuity at x = 0 simulating a black hole configuration in a BEC.
The solid blue line represents the speed of sound c, the dashed red line the fluid
velocity v. In the upper part of the picture, the negative value of v indicates that the
fluid is moving leftwards. For x > 0, the fluid is subsonic since c > |v|. At x < 0
it has become supersonic. At x = 0, there is a sonic horizon. This picture can be
considered the idealised limiting case of Fig. 3.2 when L → 0.

At each discontinuity, matching conditions apply that connect the magnitudes
describing the condensate at both sides of the discontinuity. Furthermore, we need
a set of boundary conditions, which determine what happens at the far ends of
the condensate. All these elements determine the characteristics of the system, and
hence its eigenfrequencies.
In the remainder of this short chapter, we will describe this particular model of
(1+1)-dimensional configurations with abrupt discontinuities.

3.2

Background configuration and numerical method

The profiles that we will study are piecewise homogeneous with a single discontinuity. In order to find their dynamical modes, we will first of all need a way to
describe the solutions that characterise the profiles under study. The idealised form
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Figure 3.2: Flow and sound velocity profile consisting of two homogeneous regions
connected through a transition region of width L around the sonic horizon at x = 0.
This profile simulates a black-hole-configuration in a BEC. As in Fig. 3.1, the solid
blue line represents the speed of sound c and the dashed red line the fluid velocity v.
Actual calculations presented in this work will be based on the limiting case L → 0,
see Fig. 3.1.

of these profiles allows a simplified description in each homogeneous region. Then,
the various sections have to be linked through matching conditions at the discontinuity. After finding all the mode solutions, the dynamical modes (instabilities or
quasinormal modes, respectively) will be those that moreover satisfy the adequate
boundary conditions. We will describe the matching conditions in the current section, together with a straightforward algorithm for numerical implementation. The
boundary conditions depend on the concrete problem, the calculation of instabilities or of quasinormal modes, and will therefore be described in chapter 4 and 5,
respectively.
In order to calculate the matching conditions that link the description of the condensate in two homogeneous regions around a discontinuity, we integrate the differential equations (2.4.4) that describe the evolution of the perturbations around this
discontinuity (say x = 0). This results in the following four independent, generally
valid, matching conditions:

[ θ1 ] = 0 ,
h i
e1
n
=0,
c2

[ve
n + c2 ∂ θ ] = 0 ,
 1  x1
e1
n
=0.
c2 ∂ x
c2

(3.2.1a)
(3.2.1b)

The square brackets in these expressions denote, for instance, [θ1 ] = θ1 | x=0+ − θ1 | x=0− .
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We can simplify the second condition in eq. (3.2.1a) to [c2 ∂ x θ1 ] = 0 by noting that
[ve
n1 ] = 0 because of the background continuity equation (2.4.3a), while for our
e1 ] = 0.
choice of a homogeneous background the last condition becomes simply [∂ x n
For a given frequency ω, the general solution of eqs. (2.4.4) can be written as


4
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where {k j } are the roots of the corresponding dispersion equations (four roots for
each homogeneous region), and the subscripts L and R indicate the values of c and
v in the left-hand-side and the right-hand-side region respectively. The constants
A j have to be such that the matching conditions (3.2.1) are satisfied. We can write
down these conditions in matrix form as Λij A j = 0, where
 ω −v




 

Λij = 






L k1
c2L k21
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Since there are eight free parameters A j for each discontinuity (four in each region), and only four conditions, matching is in principle always possible. However,
there are additional conditions: the boundary conditions which we will discuss in
the next chapters. These boundary conditions can be added as additional rows into
e ij , with N = N (ω ) the number of
the matrix Λij , to obtain a (4 + N ) × 8 matrix Λ
constraints on the coefficients A j (i.e., the number of modes that do not fulfil the
boundary conditions and hence should be forbidden).1 Depending on the value of
N (ω ), we can have the following cases.
• If N (ω ) < 4, then there will always exist a non-trivial solution A j , since there
are more degrees of freedom than constraints. Therefore, a region of the com1 To give a simple example, assume that a boundary condition consists in the requirement:



vg > 0
at the right asymptotic infinity. One can then simply check, for the four right-hand-side modes,
whether they fulfil this condition. If not, the mode in question is forbidden and N (ω ) is incremented
by one.







.
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plex ω-plane where N < 4 will represent a continuous region of eigenfrequencies.
• If N (ω ) = 4, then we have an 8 × 8 system of equations and there is a none ) = 0. Generally speaking, this means that
trivial solution A j only if det(Λ
in a region where N = 4, we might at the very most expect isolated discrete
eigenfrequencies, but no continuous zones of solutions.
• If N (ω ) > 4 then the system can be split into two (or more) 8 × 8 subsystems,
each with a subdeterminant λi . For a non-trivial solution to exist, each of these
subsystems should fulfil the previous condition det(λi ) = 0.
To summarise, we can define a non-negative function F (ω ) such that
• F (ω ) = 0 if N (ω ) < 4,
e )| if N (ω ) = 4,
• F (ω ) = |det(Λ
• F (ω ) = ∑ |det(λi )| if N (ω ) > 4.
The eigenfrequencies of the system are those values of ω for which F (ω ) = 0. Instabilities correspond to eigenfrequencies with Im(ω ) > 0 and are therefore located
in the upper half of the complex ω plane. Quasinormal modes on the other hand
are relaxation modes, i.e., they have Im(ω ) < 0 and will therefore be located in the
lower half complex ω plane.
The essential ingredient that is still missing to calculate the instabilities and the
quasinormal modes in these BEC black hole configurations is the set of boundary
conditions. Since these are different for both problems, we will postpone them to
the relevant chapters.
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Chapter 4
Analysis of dynamical instabilities
Now that we have set down the general framework, it is time to examine the linear
dynamical stability of various (1+1)-dimensional configurations in Bose–Einstein
condensates with steplike sonic horizons, as illustrated in Fig. 3.1. We will examine both black hole and white hole horizons. We will start with a motivation for
the problem. Since most of the framework has been discussed in the previous section, we will then immediately discuss the boundary conditions, with particular
attention to their meaning in gravitational terms. We highlight that the stability
of a given configuration depends not only on its specific geometry, but especially
on these boundary conditions. Under boundary conditions directly extrapolated
from those in standard general relativity, both black hole and white hole configurations are shown to be stable. However, we show that under other (less stringent) boundary conditions, configurations with a black hole horizon remain stable,
whereas white hole configurations develop instabilities associated with the presence
of sonic horizons.

4.1

Motivation

The stability analysis presented in [57] for acoustic black hole configurations with
fluid sinks in their interior concluded that these configurations were intrinsically
unstable. However, the WKB analysis of the stability of horizons in [80] suggested
that black hole horizons might be stable, while configurations with white hole horizons seem to inevitably possess unstable modes. Regarding configurations in which
a black hole horizon is connected with a white hole horizon in a straight line, the
analysis presented in [42] concluded, also within a WKB approximation, that these
configurations were intrinsically unstable, producing a so-called “black hole laser”.
43
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However, when the white hole horizon is connected back to the black hole horizon
to produce a ring, it was found that these configurations can be stable or unstable
depending on their specific parameters [56; 57]. This suggests that periodic boundary conditions can eliminate some of the instabilities associated with the black hole
laser. So there seems to exist a variety of different results, and hence a bit of confusion in the related literature.
The importance of this issue is easy to see when one bears in mind that BECs
have long been speculated to be good candidates for an experimental detection of
Hawking radiation [9; 13], see chapter 7. In this context, dynamical stability is an important condition. Indeed, Hawking radiation is (by definition [62]) the ‘late-time’
radiation of a black hole, once all transitory phenomena have vanished. However,
if dynamical instabilities unavoidably exist, then these will necessarily start dominating from a certain time on. Depending on the relation between the time scales
characteristic for the onset of Hawking radiation and the one for the dynamical instabilities, it might still be possible to achieve a ‘metastable’ experiment, i.e., one
with a sufficient lifetime to detect the black hole radiation in spite of the existence
of dynamical instabilities. However, this might require additional fine-tuning, and
would in any case add an important source of background ‘noise’, thereby seriously
complicating the detection of the black hole radiation. Therefore, if one could show
that there exist black-hole configurations in BECs which are in principle devoid of
dynamical instabilities, this would remove an important obstacle in the experimental realisation of Hawking radiation.
In this chapter, we will therefore try to shed some light on these issues and clear
up some of the apparent contradictions. To simplify matters, we will consider (1+1)dimensional profiles that are piecewise uniform with a single steplike discontinuity,
as described earlier (see Fig. 3.1). In terms of dynamical (in)stability, there seems
to be no crucial qualitative difference between the present case and a profile with
smooth but narrow transitions between regions with an (asymptotically) uniform
density distribution, at least not from a theoretical point of view [57]. Therefore,
here we will not take into account the effects of the finite size of the transition region and consider only idealised steplike cases. The specific way to examine the
kind of instability we are interested in, consists basically in seeking whether, under
appropriate boundary conditions, there are complex eigenfrequencies of the system
which lead to an exponential increase with time of the associated perturbations, i.e.,
a dynamical instability. Throughout the section we will use a language and notation as close to general relativity as possible. In particular, we will use boundary
conditions similar to those imposed in the standard stability and quasinormal mode
analysis of black holes in general relativity [76; 93].
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Boundary conditions

In order to extract the possible intrinsic instabilities of a BEC configuration, we have
to analyse whether there are linear mode solutions with positive Im(ω ) that satisfy
outgoing boundary conditions.1 By ‘outgoing’ boundary conditions we mean that
the group velocity is directed outwards (toward the boundaries of the system). The
group velocity for a particular k-mode is defined as

v g ≡ Re

dω
dk



= Re

!
c2 k + 12 ξ 2 c2 k3
+v ,
ω − vk

(4.2.1)

where we have used the full Bogoliubov dispersion relation (2.5.3).2 The physical
idea behind this outgoing boundary condition is that we are only examining the
intrinsic instabilities originating inside the system, since these are equivalent to dynamical instabilities in general relativity.
To illustrate this assertion, let us look at the classical linear stability analysis of a
Schwarzschild black hole in general relativity [76; 93]. When considering outgoing
boundary conditions both at the horizon and in the asymptotic region at infinity,
only negative Im(ω ) modes (the quasinormal modes) are found, and thus the black
hole configuration is said to be stable. If the presence of ingoing waves at infinity
were allowed, there would also exist positive Im(ω ) solutions. In other words, the
Schwarzschild solution in general relativity is stable when considering only internal rearrangements of the configuration. If instead the black hole was allowed to
absorb more and more energy from outside the system (i.e., ultimately coming from
infinity), its configuration would continuously change and appear to be unstable.
The introduction of modified dispersion relations adds an important difference
with respect to the traditional boundary conditions used in the linearised stability
analysis of a general relativistic black hole. In a BEC black hole, one boundary is the
standard asymptotic region, just like in general relativity. To determine the other
boundary, the following must be taken into consideration. For a relativistic or hydrodynamic (quadratic) dispersion relation, nothing can escape from the interior of
a sonic black hole: the acoustic behaviour is analogous to linearised general relativity. But due to the superluminal corrections, the high-frequency effective co-moving
speed of sound ck has a higher value than the zero-frequency speed of sound c,
see 2.5.8 and Fig. 2.3. These superluminal corrections are incorporated in the full
that we follow the convention uω = ∑ j A j ei(k j x−ωt) , see eq. (2.5.5) or (3.2.2).
2 Note that this definition is equivalent to the simpler definition (2.5.7) only for the modes that
behave like eq. (2.5.6) in the hydrodynamic limit.
1 Recall
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Bogoliubov dispersion relation but not in the relativistic approximation. Due to this
superluminal character, information from the interior of the acoustic black hole can
escape through the horizon and affect its exterior. Therefore, since we are precisely
interested in deviations from the relativistic regime, this permeability of the horizon
must be taken into consideration. The second boundary then is not the black hole
horizon itself, but the internal ‘singularity’, which corresponds to x → −∞ in our
model. We repeat that, in our model, all magnitudes are regular in this region, so
there is no singularity in the strict sense. The outgoing boundary condition there
reflects the fact that no information can escape from the singularity.
There is another complication that deserves some attention. In the case of a hydrodynamic dispersion relation, the signs of v g ≡ v ± c and Im(k ) ≡ (v ± c)Im(ω )
coincide for Im(ω ) > 0. For example, in an asymptotic x → +∞ subsonic region, an
outgoing k-mode has v g > 0, so that Im(k ) > 0. Such a mode is therefore damped
towards this infinity, giving a finite contribution to its norm. In the linear stability
analysis of black hole configurations, stable dynamical modes therefore correspond
to non-normalisable perturbations, while unstable modes correspond to normalisable ones. When considering modified dispersion relations, however, this association no longer holds. In particular, with the BEC dispersion relation, in an asymptotic x → +∞ region, among the unstable (Im(ω ) > 0) outgoing (v g > 0) k-modes,
there are modes with Im(k ) > 0 as well as modes with Im(k ) < 0. An appropriate interpretation of these two possibilities is the following. The unstable outgoing
modes that are convergent at infinity (those with Im(k) > 0) are associated with perturbations of the system that originate in an internal compact region of the system.
Unstable outgoing modes that are divergent at infinity are associated with initial
perturbations acting also at the boundary at infinity itself.
Take for example a black hole configuration of the form described in Fig. 3.1.
The right asymptotic region, which can be interpreted as containing a ‘source’ of
BEC gas in our analogue model, simulates the asymptotic infinity outside the black
hole in general relativity. The convergence condition at this right-hand side then
implies that the perturbations are not allowed to affect this asymptotic infinity initially. However, for the left asymptotic region, this condition is less obvious. In our
BEC configuration, this left asymptotic region can be seen as representing a ‘sink’. It
corresponds somehow to the general relativistic singularity of a gravitational black
hole. The fact that in general relativity this singularity is situated at a finite distance
(strictly speaking, at a finite amount of proper time) from the horizon, indicates that
it might be sensible to allow the perturbations to affect this left asymptotic region
from the start. We will therefore consider two possibilities for the boundary condition at x → −∞. (a) Either we impose convergence in both asymptotic regions,
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thereby eliminating the possibility that perturbations have an immediate initial effect on the sink, or (b) we allow the perturbations to affect the sink right from the
start, i.e., we do not impose convergence at the left asymptotic region. The option of
imposing convergence at the left asymptotic region could be interpreted as excluding the influence of the singularity on the stability of the system. In other words,
condition (b) would then be equivalent to examining the stability due to the combined influence of the horizon and the singularity, while under condition (a) only
the stability of the horizon is taken into account.
As a final note to this discussion, since we are interested in the analogy with
gravity, we have assumed an infinite system at the right-hand side. In a realistic
condensate other boundary conditions could apply, for example taking into account
the reflection at the ends of the condensate (see e.g. [56; 57]).

4.3

Case by case analysis and results

Now that we have discussed the boundary conditions, we have all the ingredients
necessary to perform the numerical analysis described in the previous section. Since
we are looking for instabilities (Im(ω ) > 0), we plot the function F (ω ), defined in
Sec. 3.2, in the upper half of the complex plane, and look for its zeros. Each of these
zeros indicates an unstable eigenfrequency, and so the presence (or absence) of these
zeros will indicate the instability (or stability) of the system.
All figures are given in dimensionless units. Typical values for the velocity of
sound c in BECs range from 0.5 to 10mm/s, while the healing length ξ typically lies
between 100nm and 2µm. Taking, for concreteness, c=1mm/s and ξ=1µm, our numerical results can be translated to realistic physical numbers by using milliseconds
as natural units. For example, the typical timescale for the development of an instability with Im(ω ) ' 0.1 would be about 10ms. We have checked within a reasonable
range of values that our results do not depend on the particular quantities chosen
for the velocities of the system.
We will now discuss the specific configurations that have been analysed case by
case.

4.3.1

Black hole configurations

Consider a flow accelerating from a subsonic regime on the right-hand side to a
supersonic regime on the left, see Fig. 3.1. For observers at the right-hand side,

48

CHAPTER 4. ANALYSIS OF DYNAMICAL INSTABILITIES

this configuration possesses an acoustic black hole horizon. For such configurations
with a single black hole horizon, when requiring convergence in both asymptotic regions [case (a)], there are no zeros (see Fig. 4.1), except for two isolated points on the
imaginary axis (see Fig. 4.3, which is a zoom of the relevant area in Fig. 4.1). Note
that we always check the existence of a zero by zooming in on the area around its
location up to the numerical resolution of our program. These two isolated points
seem to be of a rather special nature. They are located at the boundary between
regions with different number N of forbidden modes in the asymptotic regions. The
zeros that we will find for other configurations are of a totally different nature: they
are either sharp vanishing local minima of F (ω ) situated well inside an area with a
constant value of N (N = 4 to be precise), or continuous regions where the algebraic
e ij is underdetermined (and hence N < 4, see
system represented by the matrix Λ
Sec. 3.2). A technical analysis of these special points can be found in [16]. Here, let it
suffice to mention that points of this kind are always present in any flow, independently of whether it reaches supersonic regimes or not. Hence it is clear that they do
not correspond to real physical instabilities, since otherwise any type of flow would
appear to be unstable. Accordingly, in the following, we will not take these points
into consideration. When we assert that a figure is devoid of instabilities, we will
mean that the function F (ω ) has no zeros except for the special ones just mentioned.
Fig. 4.1 also shows that the system remains stable even when eliminating the condition of convergence at the left-hand side, i.e., at the sink simulating the singularity
[case (b)].
To sum up, configurations possessing a (single) black hole horizon are stable
under the general boundary conditions that we have described, i.e., outgoing in
both asymptotic regions and convergent in the upstream asymptotic region, independently of whether convergence is also fulfilled in the downstream asymptotic
region or not.

4.3.2

White hole configurations

Let us now consider flows decelerating from a supersonic regime at the right-hand
side to a subsonic one on the left. From the point of view of observers at the lefthand side, the geometric configuration possesses a white hole horizon. In general
relativity, a white hole corresponds to the time reversal of a black hole. Therefore, in
general relativistic terms, unstable modes of a white hole configuration would correspond to stable (quasinormal) modes of the black hole. From this point of view,
any quasinormal mode found in the analysis of a black hole configuration (see next
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Figure 4.1: Plots of N (ω ) and log F (ω ) for black hole (left) and white hole (right)
configurations (white points or regions, where F (ω ) → 0, represent instabilities).
The speed of sound c is indicated for each region and the velocity v is then obtained
from the constraint vc2 = 1. Note that c > 1 corresponds to a subsonic region, c < 1
to a supersonic region. In the upper pictures [case (a)], convergence has been imposed in both asymptotic regions. In the lower pictures [case (b)], convergence has
been imposed only in the upstream asymptotic region, but not at the sink or ‘singularity’ downstream. It is seen that black hole configurations are stable in both case
(a) and (b), as are accelerating subsonic flows in general (see Fig. 4.2 below). White
hole configurations are stable in case (a), but develop a huge continuous region of
instabilities in case (b). Only a small strip of instabilities subsists in the decelerating
subsonic flow (see Fig. 4.2 below), indicating that the major part of this unstable region is a genuine consequence of the existence of the white hole horizon. Note that
continuous regions of instability correspond to N (ω ) < 4.
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Figure 4.2: Plots of N (ω ) and log F (ω ) for accelerating (left) and decelerating (right)
subsonic flows (i.e., without acoustic horizons). In the upper pictures [case (a)],
convergence has been imposed in both asymptotic regions. In the lower pictures
[case (b)], convergence has been imposed only in the upstream asymptotic region.
The decelerating subsonic flow exhibits a small strip of instabilities in case (b), which
was already found in the white hole case (note that these continuous regions of
instability correspond to N (ω ) < 4).
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Figure 4.3: Two special zeros of the function F (ω ) appear in the stability analysis of a black hole configuration (this plot is a zoom of the corresponding region in
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N of prohibited modes. These points appear in the stability analysis of all configurations studied, including purely subsonic ones, and hence do not seem to represent
real physical instabilities of the system.
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chapter) could immediately be interpreted as an instability of the corresponding
white hole. Note that such a point of view implies that the boundary conditions appropriate for the analysis of white hole configurations correspond to only allowing
ingoing waves at the boundaries, due to time reversal.
But from the point of view of acoustic models in a laboratory, the analysis of the
intrinsic stability of the flow (under the outgoing boundary conditions described
above) is also interesting. This analysis also has particular relevance with regard to
configurations with two horizons (see [16]).
In Fig. 4.1 we see that under outgoing boundary conditions the flow is stable
when convergence is required in both asymptotic regions [case (a)], but exhibits a
continuous region of instabilities at low frequencies when convergence is fulfilled
only at the right-hand side [case (b)]. Indeed, in this continuous region, N = 3, in
e ij Aij = 0 is underdetermined and any frequency
other words the algebraic system Λ
is automatically an eigenfrequency.
When looking at the case of a completely subsonic flow undergoing a deceleration (see Fig. 4.2), we find something similar. The system is clearly stable when
convergence is imposed at the left-hand side, i.e. in case (a). Without convergence
at the left-hand side, case (b), there is a small continuous strip of instabilities which
corresponds, as in the white hole case, to a region where N = 3. However, this
region is located at relatively high frequencies, disconnected from ω ∼ 0. It seems
that part of the continuous region of instabilities found in the white hole configuration has its origin merely in the deceleration of the flow (giving rise to this highfrequency strip). But there is still a complete region of instabilities that is a genuine
consequence of the existence of a white hole horizon. In fact, by decreasing the healing length parameter ξ, the strip associated with the mere deceleration moves up to
higher and higher frequencies, becoming less and less important as one approaches
the hydrodynamic or acoustic limit. The main continuous region of instabilities that
can be associated with the horizon, i.e., the white region expanding from ω ∼ 0, on
the other hand, does not change its character in this process.
We can therefore conclude the following with regard to decelerating configurations. When convergence is fulfilled downstream, the configuration is stable, regardless of whether it contains a white hole horizon or not. When this convergence
condition is dropped, there is a tendency to destabilisation. In the presence of a
white hole horizon, the configuration actually becomes dramatically unstable, since
there is a huge continuous region of instabilities, and even perturbations with arbitrarily small frequencies destabilise the configuration. In the absence of such a
horizon, only a small high-frequency part of this unstable region subsists.
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Figure 4.4: A discrete set of instabilities appears in a black hole configuration when
the left asymptotic region simulating the singularity is replaced by a wall or sink
at a finite distance inside the black hole. In this plot we have used csub = 1.9 and
csuper = 0.7 (with the corresponding v = 1/c2 ). In addition we have taken L = 6 as
the size of the finite internal region.

4.3.3

Black hole configurations with modified boundary conditions

We have seen earlier that configurations with a black hole horizon do not possess
instabilities under either of the sets of boundary conditions that we considered.
However, instabilities can show up when instead of extending the black hole configuration towards −∞, a wall (or sink) is introduced at a finite distance inside the
supersonic region, leading to a possible bouncing and amplifying effect of some
modes inside the black hole. Such a case would be described by boundary conditions different from the ones we have considered so far. For example, by replacing
the boundary conditions at the left-hand side by θ | x=− L = 0, it can be seen from
Fig. 4.4 that a discrete set of unstable modes appears.

4.4

Discussion

Let us start by discussing the stability of configurations with an acoustic black hole
horizon in analogue systems that incorporate superluminal dispersion relations. We
have seen that by requiring purely outgoing and convergent boundary conditions in
both asymptotic regions, these configurations do not show any signs of instability.
The same applies when dropping the convergence condition downstream (i.e., on
the left-hand side simulating the singularity). This seems to contradict the results
in [57]. There, the existence of a future (spacelike) singularity inside the black hole,
from which no information is allowed to escape, was implemented by introducing
a sink in the supersonic region at a finite distance from the horizon. Then, it was
found that there were discrete instabilities in the system. However, these instabil-
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ities correspond to the following particular set of boundary conditions: i) At the
asymptotic region, only convergent boundary conditions were imposed, without
any condition about the direction of propagation (in- or outgoing) of the perturbations; ii) At the sink, two types of boundary conditions were required, specifically
designed for dealing with symmetric and anti-symmetric configurations. In our
language these boundary conditions correspond to {θ 0 |sink = 0, n0 |sink = 0} and
{θ |sink = 0, n|sink = 0}, respectively. Comparison of the results obtained with these
boundary conditions [57] with the results that we obtained here, leads to two important conclusions. On the one hand, the unstable modes found in [57] have ingoing
contributions at the asymptotic region. On the other hand, the boundary conditions
at the sink are such that they combine outgoing and ingoing contributions. The sink
implementation causes waves reaching the sink to bounce back towards the horizon. These two facts are responsible for the unstable behaviour of such black hole
configurations. If no energy is introduced into the system from the asymptotic region (in other words, if only outgoing perturbations are allowed) and moreover any
bouncing at the sink is eliminated, then these configurations are stable. This is in
agreement with the result found in [80].
In the case of configurations with a white hole horizon, we have seen that with
outgoing and convergent boundary conditions in both asymptotic regions, there are
no instabilities in the system. However, when eliminating the convergence condition in the downstream asymptotic region (at the sink), one finds a continuous
region of instabilities surrounding ω = 0. Thus, we see that these white hole configurations are stable only when the boundary conditions are sufficiently restrictive.
When analysing configurations connecting two different subsonic regions, i.e., in
the absence of acoustic horizons, we have also seen that, again, when convergence is
required at the left-hand side, they are stable. But when this convergence condition
is relaxed, globally decelerating configurations tend to become unstable, whereas
globally accelerating ones remain stable. The instabilities of these decelerating configurations without horizons (i.e., purely subsonic ones) show up, however, in a
small strip at high rfequencies. In contrast, white hole configurations present instabilities for a wide range of frequencies, starting from arbitrarily small values. This
shows that the presence of a white hole horizon drastically augments the instability
of the configuration.
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Summary and conclusions

To sum up, we have shown the high sensitivity of the stability not only to the type of
configuration (the presence of a horizon, the accelerating or decelerating character
of the fluid), but particularly to the boundary conditions. In general, the boundary conditions that we have considered are directly inspired by similar analyses in
general relativity, and so we have always imposed outgoing boundary conditions,
i.e., only the possible existence of instabilities arising within the system should be
taken into account. For similar reasons, we argued that convergence must also be
imposed at the upstream (right-hand side) asymptotic region, i.e., at the source of
the condensate.
When moreover requiring convergence at the left-hand or downstream asymptotic region (which can be interpreted as simulating a singularity, since nothing can
escape from it towards the horizon), both black hole and white hole configurations
are stable (and also the combination of both into a black hole–white hole configuration, see [16]). When relaxing this convergence condition at the left-hand side,
configurations with a single black hole horizon remain stable, whereas white hole
configurations (and black hole–white hole configurations, see [16]) develop instabilities not present in flows without horizons.
Some final comments with relevance for the remainder of this thesis might be
useful. We have seen that black hole configurations are stable under rather general
boundary conditions. This implies the following.
First of all, we have explicitly worked with the Bogoliubov dispersion relation
valid for a BEC. However, since we have checked a wide range of parameters, the
results that we have obtained can be extended to superluminal dispersion relations
of the Bogoliubov type in general. One can then tentatively conclude that adding
such superluminal corrections does not radically alter the dynamical stability of a
relativistic black hole, whether it is an acoustic black hole or a gravitational one.
Note, however, that this result is ‘fragile’ in the following sense: configurations
with a black hole horizon and a bounce inside the system can become unstable.
Also, the stability is guaranteed if only ingoing modes are allowed. Although this
is a sensible condition from a theoretical analogue-gravity point of view, it is not so
clear that this condition makes sense in a BEC experiment. Nevertheless, even in
a realistic BEC experiment, it should be possible to make a condensate sufficiently
long in order for reflection at its boundaries to be negligible for the duration of the
experiment [43; 57]. Let us also remark that dynamical instabilities are not the only
instabilities that can appear in an experiment. Surface instabilities, for example,
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could also appear. Such surface instabilities are sometimes a desired effect because
they can lead to vortex formation. However, they are also generally easy to avoid,
in particular in effectively one-dimensional condensates [102].
Second, since we have shown that there can exist dynamically stable acoustic
black hole configurations, it indeed makes sense to analyse the stable dynamical
modes of such configurations, i.e., the quasinormal modes, as we will do in the next
chapter.
Finally, it also means that such configurations can indeed be expected to reproduce analogue (i.e., phononic) Hawking radiation. Although this obviously does
not solve all experimental issues, at least it removes the need to recur to metastable
configurations, fine-tuned in the sense that the dynamical instabilities would not
disrupt the configuration nor obfuscate the black hole radiation in the time necessary to achieve the experiment.
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Chapter 5
Quasinormal modes
In this chapter, we perform a quasinormal mode analysis of black hole configurations in Bose–Einstein condensates (BEC). In this analysis we use the full Bogoliubov
dispersion relation (see Sec. 2.5), not just the hydrodynamic or relativistic approximation. We restrict our attention to (1+1)-dimensional black hole configurations in
BEC with steplike discontinuities of the type illustrated in Fig. 3.1. For this case we
show that in the hydrodynamic or relativistic approximation, quasinormal modes
do not exist. The full dispersion relation, however, allows the existence of shortlived quasinormal modes. Remarkably, the spectrum of these modes is not discrete
but continuous.

5.1

Introduction

In the previous chapter, the stability of several (1+1)-dimensional configurations in
BECs was studied. These configurations were chosen in analogy with the geometries associated with gravitational black holes. Here we will elaborate further on
black hole configurations, which were shown to be devoid of instabilities, and examine their quasinormal or relaxation modes. The analysis we carry out is analogous
to the standard quasinormal mode (QNM) analysis in gravity [76; 93]. According to
general relativity, when black holes are perturbed, they emit gravitational waves in
the following way (see Fig. 5.1). The initial regime depends mainly on the concrete
form of the perturbation. Then, an oscillatory decay phase is attained in which the
precise form of the emitted wave depends only on the properties of the black hole
itself. Finally, a polynomial tail characterises the return to equilibrium. In the intermediate oscillatory decay phase, a discrete set of complex frequencies is excited:
the quasinormal modes of our concern. Since quasinormal modes are modes of de57
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Figure 5.1: Typical wave form of gravitational radiation emitted by a perturbed
black hole as a function of time t. The initial pulse depends on the concrete form
of the perturbation. Then, a damped oscillation consisting of a discrete set of frequencies, the quasinormal modes, sets in. (Often, as in this figure, a single frequency
clearly dominates). Finally, a power-law tail takes over at late time.

cay, i.e., of energy dissipation, they are outgoing: they move towards the exterior
of the spacetime region connected to an asymptotic observer. In general relativity
this means that their group velocities are directed outwards both in the asymptotic
region and at the horizon. Moreover, as we will illustrate, in general relativity this
also automatically implies that they are non-normalisable or divergent.
As we will briefly point out, in standard general relativity in 1+1 dimensions,
quasinormal modes do not exist. In higher dimensions, a discrete spectrum appears
[76; 93], see Fig. 5.2. A general investigation of quasinormal modes in analogue
black holes was carried out in [25]. Results qualitatively identical to the general
relativistic case were found. Here the essential element that we add is the influence
on these QNMs of a non-relativistic contribution to the dispersion relation.

5.2

Boundary conditions

The general framework to calculate the quasinormal modes in these BEC black hole
configurations is the same as for the calculation of the instabilities, and has been
described in Chapter 3. However, we still need to complement this by the adequate
boundary conditions. We will first take a look at the boundary conditions that are
used to calculate QNMs in general relativity. This can be immediately extrapolated
to BECs in the hydrodynamic limit. As we will show, in this hydrodynamic limit
in 1+1 dimensions, there exist no QNMs. Finally, we will come to the boundary
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Figure 5.2: Discrete set of quasinormal modes in the complex frequency-plane for
a Schwarzschild black hole and different values of the angular momentum index L.
Figure taken from [93]. (Note that we use the opposite convention for the sign of
Im(ω).)

conditions with the full dispersion relation.

5.2.1

Quasinormal modes of a gravitational black hole

Quasinormal modes of a gravitational black hole are the relaxation modes or modes
of energy dissipation that characterise the pulsations of the black hole after perturbations initiated internally in the spacetime surrounding the black hole.
Since the QNMs are relaxation modes, they must decay in time and moreover be
outgoing. The first condition means that, for the sign convention followed here (see
e.g. eq. (2.5.5)), they can be represented by complex frequencies ω with Im(ω ) < 0.
The outgoing character must be imposed in the asymptotic region. At the horizon,
QNMs are also required to be outgoing because in general relativity nothing can escape through the horizon.1 So the boundary conditions that are imposed in general
relativity to find the QNMs of a black hole are simply that these modes should be
1 As

we mentioned in the introduction to this chapter, in QNM terminology, ‘outgoing’ means
directed towards the exterior of the spacetime region connected to an asymptotic observer. In other
words, at the horizon, ‘outgoing’ means directed towards the singularity.
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outgoing both in the asymptotic region and at the horizon.
Because QNMs of a gravitational black hole are outgoing, they are also divergent. Indeed, due to the quadratic form of the relativistic dispersion relation, ω 2 ∝
k2 , the group velocity v g ≡ dω/dk and the imaginary part of k are related by
Im(k ) ∝ Im(ω )/v g ,

(5.2.1)

and therefore, since QNMs have Im(ω ) < 0:
sign[Im(k )] = −sign[v g ] .

5.2.2

(5.2.2)

Hydrodynamic limit in 1+1 dimensions: absence of QNMs

In BECs in the hydrodynamic limit, the dispersion relation is also quadratic: (ω −
vk)2 = c2 k2 , see eq. (2.5.4), and therefore decaying outgoing modes are also automatically divergent. Indeed,
vg = v ± c ,

Im(k ) = Im(ω )/v g ,

(5.2.3)

and therefore sign[Im(k )] = −sign[v g ] as before. Let us discuss whether QNMs can
exist in this case.
There are two ways to deal with this question. Either one can define a connection
matrix based on the hydrodynamic limit of the matching conditions (3.2.1), and see
that the appropriate outgoing boundary conditions can never be fulfilled, see [21].
Alternatively, one can reason as follows. Because of the presence of the horizon, we
know that, in the hydrodynamic limit, none of the modes at the left-hand side can
move upstream across the horizon, i.e., they cannot connect to outgoing modes at
the right-hand side. In other words, when the ( x < 0) region is supersonic, it becomes causally disconnected from the subsonic region ( x > 0). But then, just like in
general relativity, the requirement that QNMs must be outgoing should be imposed
at the horizon, and not at the left asymptotic infinity. Because of the homogeneity
of the profile, the mode solutions for each particular frequency ω can be written as
piecewise sums of plane waves:
e1 = A1 ei(k1 x−ωt) + A2 ei(k2 x−ωt) ,
n

(5.2.4)

θ1 = B1 ei(k1 x−ωt) + B2 ei(k2 x−ωt) .

(5.2.5)

Because of this plane-wave character, none of these modes can be outgoing both at
the right asymptotic region and at the horizon. QNMs can therefore not exist in the
hydrodynamic limit in 1+1 dimensions.
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Although the argument presented here seems to depend on the homogeneity of
the profiles, it is actually more general. Indeed, in the hydrodynamic limit, the geometric description developed in section 2.4 is valid. It is well known from general
relativity that all (1+1)-dimensional metrics are conformally flat. In addition, the
d’Alembertian equation in two dimensions is conformally invariant [26]. Therefore,
all the solutions of the system are conformally equivalent to plane waves, and so
they do not satisfy the requirement of being outgoing both in the asymptotic region and at the horizon. Hence QNMs cannot exist in (1+1)-dimensional relativistic
configurations, and this argument is valid both for general relativity and for acoustic black holes in the hydrodynamic limit. The situation is completely different in
3+1 dimensions, in which both general relativistic and hydrodynamic acoustic black
holes exhibit a discrete QNM spectrum, as we mentioned earlier.

5.2.3

Boundary conditions with the full dispersion relation

A crucial feature of the superluminal character of the dispersion relation is that it
makes the horizon permeable, so that outgoing boundary conditions should be imposed at both asymptotic infinities (rather than at the right asymptotic infinity and
at the horizon). Moreover, since we have two homogeneous regions, the ingoing or
outgoing character of a mode is conserved along each side of the horizon (x = 0).
An outgoing mode is then one that has a group velocity v g < 0 for x < 0 (and in
particular for x → −∞) and v g > 0 for x > 0 (and in particular for x → +∞). v g is
obtained from the full Bogoliubov dispersion relation, see eq. 4.2.1:

v g (k ) ≡ Re

dω
dk



= Re

!
c2 k + 12 ξ 2 c2 k3
+v .
ω − vk

(5.2.6)

Note that the immediate connection between the sign of v g and that of Im(k ) which
existed in the hydrodynamic limit clearly does not subsist, so the automatic divergent character of outgoing modes is lost.
In any case, quasinormal modes should be outgoing, and this is the essential
boundary condition. Additionally, one might wonder whether the QNMs will be
convergent, or divergent after all (in spite of the modification of the dispersion relation). An easy way to check this is by applying convergence as an additional
boundary condition and comparing the resulting spectrum with the one obtained
without this additional condition.
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Summary

To sum up, quasinormal modes should be outgoing. In general relativity and in
acoustic black holes in the hydrodynamic approximation, this outgoing condition
must be imposed at the external (right-hand side) asymptotic infinity and at the
horizon. Moreover, the outgoing character of QNMs automatically implies a divergent behaviour in the asymptotic regions. However, in both these cases, there are no
QNMs in 1+1 dimensions, whereas in 3+1-dimensional black holes, a discrete QNM
spectrum appears.
In BECs with the full modified dispersion relation, outgoing modes are no longer
automatically divergent. The boundary condition to determine QNMs in the (1+1)dimensional BEC black hole configurations under study is simply that they should
be outgoing in both asymptotic regions.
Application of the method developed in chapter 3 then leads to the results that
we will now discuss.

5.3

Results and discussion

The quasinormal mode spectrum of a (1+1)-dimensional acoustic black hole in a
BEC, obtained with the full dispersion relation, is illustrated in Fig. 5.3. Remember
from the previous chapter that such a black hole did not possess unstable eigenfrequencies, so it indeed makes sense to look for stable modes. Surprisingly, as can
be seen from Fig. 5.3, not only does such a QNM spectrum indeed show up, but
this spectrum is actually continuous. Indeed, in the whole continuous region where
N (ω ) = 3, the algebraic system composed of the matching and boundary conditions
is underdetermined. Therefore, according to the procedure outlined in chapter 3, every frequency in this region is automatically a quasinormal mode. We have checked
that no further (discrete) quasinormal modes appear in the N = 4 region.
We have also checked whether these quasinormal modes are convergent or not.
We have found that the quasinormal modes here contain both convergent and divergent contributions, and actually disappear as soon as either type of contribution is
prohibited (i.e., as soon as a strict convergence or divergence condition is imposed
at either side of the configuration). Overall, this makes these quasinormal modes
divergent. However, this divergent character is not obtained in the same automatic
sense, i.e., it is not due to a strict relation between the signs of v g and Im(k ), as in the
case of the QNMs that are found in the (3+1)-dimensional relativistic and hydrodynamic cases discussed earlier.
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Im(ω)

N(ω)

Re(ω)
Figure 5.3: Plot illustrating the quasinormal mode spectrum for a (1+1)-dimensional
black hole configuration in a BEC. We represent the number N of constraints (i.e.,
the number of forbidden modes) following from the boundary condition that QNMs
should be outgoing. The QNM spectrum consists of the continuous region where
N (ω ) < 4, marked with a red arrow. The numerical values used for this plot, in units
such that the healing length ξ = 1 and the speed of sound c = 1 are v = 0.7 in the
subsonic region and v = 1.8 in the supersonic region.

We have furthermore calculated the QNM spectrum for other black-hole-like
configurations that were shown to be devoid of instabilities in [16], and we have
checked that a similar continuous spectrum of QNMs appeared in all of them. This
indicates that the continuous character of the QNM spectrum is an essential consequence of the modified dispersion relation, and not just of the particular characteristics of a precise configuration. In fact, the presence of these QNMs can essentially be
traced back to the permeability of the horizon due to the superluminal character of
the dispersion relation. In our particular model, this is easy to see. Indeed, imposing an outgoing boundary condition at the horizon would prohibit the existence of
QNMs due to the piecewise homogeneity of the profile, regardless of whether one
considers the full dispersion relation or only its acoustic limit.
Finally, a straightforward dimensional estimate shows that these quasinormal
modes are short-lived. Indeed, as can be seen from Fig. 5.3, the obtained quasinormal modes typically have Im(ω ) ∼ 1 (in dimensionless units). This means that these
quasinormal modes are characteristic of a relaxation at the microscopic level, i.e., at
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the scale of the healing length (which, as we have seen in section 2.5, is also characteristic of the Lorentz symmetry breaking scale). Adding dimensions, the lifetime
of such quasinormal modes is of the order of ξ/c, the healing length of the condensate divided by its speed of sound, typically around 1µm and 1mm/s, respectively,
resulting in lifetimes tQNM ∼1ms.

5.4

Summary and conclusions

We have examined the quasinormal modes of (1+1)-dimensional black hole configurations in BECs, and laid particular emphasis on the importance of the quartic form
of the full dispersion relation, compared to the quadratic form of a hydrodynamic
or relativistic one. In the latter case, outgoing relaxation modes are automatically
divergent. The modification of the dispersion relation means that this relation is no
longer automatic. Nevertheless, the quasinormal modes in the systems discussed
here are also divergent.
More importantly, the QNM spectrum that was obtained in these systems with
a modified dispersion relation consists of a continuous region in the complex frequency plane. The lifetime of these QNMs was estimated to be of the order of ξ/c,
the healing length of the condensate divided by its speed of sound. These quasinormal modes are therefore characteristic of a relaxation at the microscopic scale, with
typical values of the lifetime in the millisecond range.
The importance of this result lies in the following observation. Both in general
relativity and in BECs in the hydrodynamic limit, QNMs simply do not exist in 1+1
dimensions, while in higher dimensions they form a discrete spectrum. So due to
the modification of the dispersion relation, the QNM spectrum in (1+1)-dimensional
BEC black holes changes from non-existent to a continuous region of frequencies.
It should be noted that this result does not depend on fine-tuned choices of the
parameters of the configuration, but is a generic consequence of the permeability
of the horizon in the presence of superluminally modified dispersion relations. It
is therefore a straightforward speculation that the discrete spectrum which is obtained in the usual QNM analysis in standard 3+1-dimensional general relativity
will also develop continuous regions if it turns out that there exist superluminal
modifications of the dispersion relations at high energies. The lifetimes of these additional, continuous bands of quasinormal modes will probably be extremely short,
since they would characterise a relaxation at the microscopic or ‘(trans)planckian’
level, after which a relaxation at the classical level of general relativity takes over.
Their existence could therefore in principle be a signal of transplanckian (quantum-
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gravitational) physics encoded in the spectrum of gravitational waves emitted by
black holes.
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Chapter 6
Intermezzo: Lorentz violation and
modified dispersion relations
In the previous chapters, we have studied the stability and quasinormal modes of
BEC black holes, and speculated that the results could be extrapolated to quantum
gravity. In this brief intermezzo, we will make a more precise argument for this
extrapolation to quantum gravity in scenarios with Lorentz symmetry breaking—
see [68; 85] for general introductions on Lorentz violations at high energy and their
possible detection.
From a phenomenological point of view, one of the first modifications that quantum gravity could impose on classical physics is a modification of the dispersion
relations for particles. Assuming that this effect is perturbative at low energy, this
can be written in the following way (in a given observer’s frame). The usual locally
Lorentz invariant energy-momentum dispersion relation
E2 = m2 c4 + c2 p2

(6.0.1)

is replaced by a modified dispersion relation
E2 = m2 c4 + c2 p2 + ∑ f (i) ci | p|i E2L−i ,

(6.0.2)

i

where EL indicates the energy scale of local Lorentz symmetry breaking and f (i)
the strength of ith order Lorentz symmetry breaking at the energy EL . Here, we are
in the first place interested in examining whether there exist concrete physical phenomena that break Lorentz invariance around a certain well-defined fundamental
energy scale. In order to extract concrete boundaries on the possible existence of
such phenomena, eq. (6.0.2) is then the adequate starting point. Actually, from a
67
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‘naive’ quantum gravity perspective, this EL —if it exists—is expected to be around
the Planck scale, and so the previous relation is usually written as
2− i
E2 = m2 c4 + c2 p2 + ∑ f˜(i) ci | p|i EPl
,

(6.0.3)

i

where EL has been replaced directly by the Planck energy EPl .
The fact that we immediately wrote, for example, f (2) p2 in the previous expres(2)
sions rather than the more general f ij pi p j means that we are only looking for
Lorentz symmetry breaking in the boost sector. The motivation is the following.
Breaking the rotational subgroup of the Lorentz group would either entail observable effects at everyday macroscopic scales or imply that the boost subgroup is also
broken. The opposite is not true: the boost subgroup can be broken without the
rotation subgroup being broken too, and without leading to effects that should have
been detected already at energies experimentally available. Therefore, phenomenologically speaking, it is sufficient to focus on Lorentz symmetry breaking in the boost
sector. Also note that f (i) can be particle- and helicity-dependent.
The scheme just summarised is most adequate for effective field theory approaches
(EFTs) [68; 85]. There are two reasons [3] why we are interested here in studying
Lorentz symmetry breaking from an EFT perspective rather than for instance Doubly Special Relativity (DSR).1 First, the EFT approach is the simplest one from a
phenomenological point of view. It is also an approach for which the framework is
sufficiently well understood and precisely defined to allow the extraction of sensible constraints on concrete sets of physically meaningful parameters. The second
reason originates in analogue gravity: the form of Lorentz symmetry breaking discussed here is the one which corresponds to how the effective low-energy Lorentz
symmetry in condensed matter and other systems is broken at high energies. In
other words, there are plenty of examples in nature where an approximate Lorentz
symmetry is obtained in the low-energy limit of an equation of the form (6.0.2) (and
in particular, (6.0.4) below). It therefore seems worth examining whether the same
scheme could be applicable to gravity as well.
The standard approach within the EFT framework is the following. One constructs a Lagrangian using the standard model of particle physics in combination
with Lorentz violating operators of physical interest. These additional operators are
1 Doubly

Special Relativity [2; 84] consists in the proposal that the Lorentz group might be deformed at high energies rather than broken, by the introduction of a second observer-independent
quantity (apart from the speed of light), namely a minimum length. DSR leads to modified dispersion relations, though generally more complicated than the form we discuss here, without the
equivalence of reference frames being broken.
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classified by their mass dimension. For example, all renormalisable terms that can
be added to the standard model Lagrangian (forming the so-called minimal Standard Model Extension or mSME) have been studied more than a decade ago [38].
They are all of mass dimension 3 or 4 and are further classified by their behaviour
under CPT transformations. The full set of dimension 5 operators has also been
recently classified [28]. Observational constraints on the various f (i) for different
particle species can be obtained, for example, from ultra-high-energy cosmic rays,
in particular by examining effects such as reaction threshold energies, and dispersion or birefringence effects in long distance propagation. These constraints then
allow to calculate the corresponding limits on the various Lorentz violating operators. The lowest-dimensional operators which are not essentially ruled out at the
Planck level by current observations, are CPT even operators of mass dimension five
and six (see [83; 86] and references therein). It can be shown that these correspond
to a lowest-order allowed term of order p4 in the above framework.
An intuitive way to understand this is the following. (i ) = 1, 3 terms are essentially ruled out because they would lead to strong parity violations which are
not observed. An (i ) = 2 term would lead to Lorentz violation at all energies,
which is also not observed. The first reasonable Lorentz symmetry breaking term
is therefore (i ) = 4. As a matter of fact, note that (i ) = 1 terms would be amplified by the prefactor EL in the simple scheme of eq. (6.0.2), which should be ruled
out even if it did not lead to parity violation. In a more refined scenario, (i ) = 1
would be suppressed, for example by writing µ2 f (1) c3 | p|/MPl , with µ the particle
mass and MPl the Planck mass. Even so, non-zero (i ) = 1 terms are still so tightly
constrained from observations as to be essentially ruled out [85]. A similar remark
applies to (i ) = 2 terms. These are not strictly ruled out by observations when written in the form µ2 f (2) c2 p2 /M2Pl , but still so tightly constrained that, for our present
purposes, we can essentially forget about them. There exist several additional complications [85; 86]. For example, dimension 3 and 4 Lorentz-violating operators are
not strictly ruled out, because of the comment just given. They must be extremely
small, but it is not excluded that there exists some theoretical scheme which ‘naturally’ accomodates this smallness. Another complication is that non-renormalisable
operators of dimension 5 and higher induce lower-order terms (such as p2 contributions) via radiative corrections. CPT odd operators of dimension 5 are very tightly
constrained, but again not completely ruled out, at least if one assumes the existence
of some additional suppression mechanism (for example, a residual symmetry such
as supersymmetry). Note that CPT even dimension 5 and 6 operators would still
require some protection mechanism between the TeV scale and the Planck scale to
suppress the lower-order radiative corrections.
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For our purposes, we can simply conclude that all modifications of the dispersion relation with (i ) < 4 are essentially ruled out at the Planck level, or at least
require some extraordinary fine-tuning, while even the (i ) = 4 terms can already be
quite tightly constrained at the Planck level for the most common Lorentz-violating
scenarios [53; 82; 83]. In any case, we can concentrate on (i ) = 4 as the lowestorder allowed modification. Since we will focus on massless particles (photons and
phonons), we can write a modified dispersion relation of the type
E2 = c2 p2 + f (4) c4 p4 /E2L ,

(6.0.4)

or, in terms of frequencies ω and wave numbers k:
ω 2 = c2 k2 + f (4) c2 k4 /k2L .

(6.0.5)

Several remarks might be useful.
First, this type of Lorentz symmetry breaking implies a violation of the equivalence of reference frames. Indeed, as mentioned just above eq. (6.0.1), a particular
modified dispersion relation is valid in a particular observer’s reference frame (or
rather: a set of concordant frames). In this context, it should be mentioned that in the
condensed matter models, it is natural to assume that the preferred reference frame
is the laboratory frame, since this is the frame in which the privileged observer (the
experimenter) measures things. In the laboratory frame, eq. (6.0.5) becomes

(ω − vk)2 = c2 k2 + f (4) c2 k4 /k2L ,

(6.0.6)

which immediately leads to the Bogoliubov dispersion relation for a BEC (2.5.3) by
setting k L = 2/ξ, with ξ the healing length of the condensate, and where v represents the flow velocity of the backgrounf fluid and c the co-moving speed of sound.
In a relativistic context, the question of preferred reference frames is more subtle.
For example, in the case of a black hole configuration, assuming that Lorentz invariance is broken, there are at least two natural candidates for preferred reference
frames: the rest frame of an observer free-falling into the black hole, and the rest
frame of the black hole itself, which in the fluid analogy correspond essentially to
an observer co-moving with the fluid and to the laboratory frame, respectively. We
will see in the next chapter that this subtlety can play an important role. Note also
that most of the work in the EFT framework uses the rest frame determined by the
cosmic microwave background radiation to constrain the possible Lorentz-violating
parameters.
A second remark is that the previous equation (6.0.6) and the observation that
k L = 2/ξ illustrate an important lesson from condensed matter models, namely that
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naive dimensional estimates in the domain of quantum gravity should be handled
with care. Indeed, as we mentioned above, in quantum gravity phenomenology, it
is usually assumed that Lorentz violation, if it occurs, should occur approximately
at the Planck scale. However, condensed matter models teach us that the Lorentz
violation scale EL and the Planck scale EPl are not necessarily related. Indeed, in a
BEC, the Lorentz violation scale EL is determined by the healing length ξ, which depends ultimately on the s-wave scattering length. The analogue of the Planck scale
EPl , on the other hand, can be thought of as the scale at which the granularity of
the background becomes apparent. In this sense, then, the analogue Planck scale is
determined by the interatomic distance ai , which depends essentially on the density: ai ∼ n−1/3 . It can then be seen intuitively from the weakness of the interatomic
interaction in dilute gases that EL  EPl for all BECs, but the important point is
that EL and EPl are in principle unrelated. This point might well extend to quantum
gravity: different types of quantum gravity phenomenology could be characterised
by different, mutually independent energy scales, which are not necessarily accessible to an observer who is limited to the effective low-energy physics. Our previous
mention of observational constraints on Planck-scale Lorentz violating operators in
the EFT framework just before eq. (6.0.4) could then be rephrased by saying that
observations strongly support EL  EPl .
A third remark is that the sign of f (4) in eq. (6.0.4)–(6.0.6) determines the propagation at high energies: f (4) < 0 stands for subluminal propagation, i.e., highenergy modes propagate slower than low-energy ones, whereas the BEC model that
we are interested in gives f (4) > 0 and hence superluminal propagation: the highenergy modes propagate faster than the low-energy ones.
A fourth and final remark is the following. Apart from the intrinsic interest of
knowing whether Lorentz invariance is a fundamental symmetry of our universe or
not, it is of course also to be hoped that phenomenological approaches to quantum
gravity will allow us to discriminate between various theoretical frameworks for
quantum gravity. Unfortunately, in these theoretical frameworks or ‘top-down’ approaches for quantum gravity, it is currently not really clear whether Lorentz invariance is fundamental or effective, and in the latter case, how its breaking scale is related to the Planck scale. For example, while many string theory scenarios axiomatically incorporate Lorentz invariance, it has been argued that in certain situations,
violations of Lorentz invariance may occur in a way consistent with world-sheet
conformal invariance [87], thus leading to acceptable string theory backgrounds. In
the context of loop quantum gravity, in [54] it has been argued that quantum effects should modify the relativistic dispersion relations, although the issue seems
far from settled (see [7] for some general remarks). It is arguably only in scenar-
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ios of emergent gravity based on condensed matter analogies that the situation is
clear: Lorentz invariance is a low-energy effective symmetry, and so it is certainly
expected to break at some scale, although not necessarily related to (and therefore
possibly much higher than) the Planck scale [73].
To sum up, the possibility of Lorentz symmetry violations at high energy due to
quantum gravity effects is an active branch of research, both theoretically and experimentally. There are several frameworks to define such violations. The one that we
discussed here is based on effective field theory. There are numerous examples of
real physical systems, in particular condensed matter systems such as BECs, where
this approach is the natural one to describe the effective low-energy Lorentz symmetry and its high-energy breaking. This allows us to link studies of gravitational
analogies in BECs, such as the ones presented so far in this thesis, directly to quantum gravity phenomenology with superluminal dispersion relations. It also means
that we can take the complementary approach and study the effect of Lorentz violation such as it occurs in BECs (and such as it might occur in quantum gravity)
directly based on modified dispersion relations. We will use this second approach
in the following chapter.

Chapter 7
Hawking radiation in a collapse
scenario with superluminal dispersion
relations
In this chapter, we analyse the Hawking radiation process due to collapsing configurations in the presence of superluminal modifications of the dispersion relation. With such superluminal dispersion relations, the horizon effectively becomes a
frequency-dependent concept. In particular, at every moment of the collapse, there
is a critical frequency above which no horizon is experienced. We show that, as
a consequence, the late-time radiation originating from the collapse suffers strong
modifications, both quantitative and qualitative, compared to the standard Hawking picture. Concretely, we show that the radiation spectrum becomes dependent
on the critical frequency, on the surface gravities associated with different frequencies, and on the measuring time. Even if the critical frequency is extremely high,
important modifications can still show up.

7.1

Introduction

Hawking radiation is the process whereby a gravitational collapse which leads to
the formation of a black hole is predicted to produce late-time thermal radiation due
to the quantum creation of particles with an approximately Planckian (black-body)
spectrum [61; 62]. The calculation consists essentially in writing down Bogoliubov
transformations to estimate the particle creation between inequivalent vacua, as we
will detail further on. In 1976, Unruh developed a technique for replacing the collapse by a stationary spacetime representing an eternal black hole, by imposing ad73
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equate boundary conditions on the past horizon (the so-called ‘Unruh state’). This
leads to exactly the same result as in the collapse scenario while alleviating some of
its technical difficulties [113].
Several alternative ways have since been developed to derive Hawking radiation (see [34] for a recent selective overview), for example through the stress-energy
tensor trace anomaly [37] or via a tunneling method [101; 123]. Most of these derivations are based on stationary black holes, and it is not always clear how they are
physically related to Hawking’s original collapse scenario. Nevertheless, it is remarkable that they all seem to lead to essentially the same result. However, one
may wonder whether there is no hidden assumption in all these derivations, for
example the implicit requirement of Lorentz invariance up to arbitrary frequencies.
Such an implicit assumption about the physics at arbitrarily high frequencies was
certainly the case in Hawking’s original derivation, as was pointed out almost immediately after its publication, for example in [58], and which has become known as
the “transplanckian problem” with respect to Hawking radiation.1 It was also the
main motivation for Unruh’s 1981 paper [114], in which he pointed out that some
of the high-frequency issues related to black holes can be studied by analogy with
the propagation of sound waves in a fluid flow. In spite of the transplanckian problem, Hawking radiation was and still is considered a crucial landmark in quantum
field theory in curved spacetimes, and its implications for the connection (predicted
earlier by Bekenstein [24]) between black hole physics and thermodynamics are an
essential touchstone for the development of quantum gravity.2
Here, we will stay quite close to Hawking’s original derivation, and modify it
carefully in a way that allows us to calculate the late-time black hole radiation for a
collapsing scenario, but now in the case of superluminal dispersion relations at high
frequencies.
The motivation for such an analysis is threefold. First, as we indicated in the
1A

related transplanckian problem exists in cosmology.
is perhaps useful to point out that Hawking radiation does not depend on the dynamical aspects of gravitation, i.e., it is a purely kinematic effect, or in other words: a prediction of quantum
field theory in curved spacetimes in the presence of black hole horizons. The thermodynamical aspects of black hole physics, on the other hand, do crucially depend on the dynamical aspects of gravity, i.e., ultimately, on the Einstein equations. This is essentially because the first thermodynamic
law of black holes, which establishes the relation between changes in its mass M and changes in
the surface A of its horizon: dM = (κ/8π ) dA (for a Schwarzschild black hole with surface gravity
κ), depends on the relation between the mass and the geometry of the black hole, and thus on the
Einstein equations. A similar problem applies to the zeroth law, which establishes the constancy of
the surface gravity over the horizon. Thus analogue black holes are expected to allow simulation of
Hawking radiation, but not of their thermodynamic aspects [117; 118].
2 It
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foregoing intermezzo 6, from the point of view of quantum gravity phenomenology, increasing attention has focused on the consideration that maybe Lorentz invariance is not a fundamental law, but an effective low-energy symmetry which is
broken at high energies. From extrapolation of current experiments, we know that
there exist stringent bounds on the most commonly expected types of Lorentz violations at the Planck scale. Nevertheless, even violations at much higher energy scales
might still significantly affect black hole physics. On the other hand, it could also be
that Hawking radiation is recovered precisely because of this relation between the
(hypothetical) Lorentz violation scale and the Planck scale. In order to better understand this issue, a simple way of modelling a wide range of Lorentz violating effects
(and a quite natural one from the point of view of condensed matter analogies) consists in modifying the dispersion relations at high energy. This modification can be
subluminal or superluminal, depending on whether high-frequency modes move
slower or faster than low-energy ones.
This brings us to the (closely related) second motivation, namely the intrinsic
question of the robustness of Hawking’s prediction, regardless of whether the highfrequency theory describing our universe will indeed turn out to incorporate superluminal corrections. Even if our universe turns out to be perfectly Lorentz invariant,
this question is still interesting as a matter of principle, namely with regard to how
inevitable or fundamental Hawking radiation really is, rather than an ‘accidental’
consequence of Lorentz invariance. The question of the robustness of Hawking’s
prediction with respect to modifications of the transplanckian physics has been tackled principally within the same framework that we are using, namely by analysing
effective field theories such that at high energies a modification of the dispersion
relation is incorporated (see however [1] for a different take on the problem). Historically, however, attention has mainly been given to subluminal dispersion relations. Important contributions such as [30; 39–41; 65; 66; 114; 115], and more recently
[108; 116] seem to have settled the robustness of Hawking radiation with respect to
subluminal modifications of the frequency spectrum, at least in the case of stationary black-hole scenarios, although this conclusion still rests on certain assumptions,
usually related to the behaviour of the fields near the horizon. In any case, it is important to remember that this only solves part of the transplanckian problem with
regard to Hawking radiation. Indeed, subluminal modifications gradually dampen
the influence of ultra-high frequencies, and so they do not explore arbitrarily large
frequencies. So even assuming that it has been demonstrated that Hawking’s result
can be recovered in the stationary case in the presence of subluminal modifications,
the question remains whether it is also robust with respect to a (non-damped) modification of the transplanckian physics in a collapse scenario. Superluminal modi-
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fications differ conceptually from subluminal ones, in that they gradually magnify
the influence of ultra-high energies, and thereby offer an interesting test-case for the
transplanckian robustness of Hawking radiation.
A third motivation for our study, as already mentioned several times throughout
this thesis, comes from a possible connection with experiment. BECs are expected to
be good candidates for a possible experimental verification of Hawking radiation [8;
9; 13; 35; 43; 56; 57; 107; 137; 138]. Furthermore, we have shown that dynamically
stable black hole configurations are possible in a BEC, thereby removing a major
potential complication at the moment of carrying out such an experiment. But since
the physics of BECs automatically leads to a superluminal dispersion relation at
high energies, the question is again which kind of modifications are to be expected in
the laboratory realisation of a BEC black hole with respect to the standard Hawking
picture.
Of the above-mentioned works on the robustness of Hawking radiation, a few
have also tried to address superluminal modifications [41; 108; 116]. Various problems make this case quite different from the subluminal one. These problems can be
related to the fact that the horizon becomes frequency-dependent when modifying
the dispersion relations. This is also true in the subluminal case, though qualitatively in a very different way. With superluminal modifications, the horizon lies
ever closer to the singularity for increasing frequencies, and asymptotically coincides with it. This causes the ‘apparent’ interior of the black hole (the interior of
the zero-frequency horizon) to be exposed to the outside world. Since it seems unreasonable to impose a condition arbitrarily close to the singularity as long as we
do not have a solidly confirmed quantum theory of gravity, most of the approaches
used for subluminal dispersion are invalid, or at least questionable, for superluminal dispersion. Moreover, since it seems reasonable to expect that quantum effects
will remove the general relativistic singularity, an overall critical frequency might
appear above which no horizon would be experienced at all.
In the analysis that follows we will try to avoid making any further assumptions
about the physics near the singularity. For instance we will analyse the characteristics of the radiation at retarded times at which the singularity has not yet formed,
and consider both final options, either with or without a singularity. Our approach
will be based on a derivation of the radiation very much in the spirit of Hawking’s
original calculation through the relation between the asymptotic past ray trajectories and the asymptotic future ones in the case of a collapsing configuration. The
only assumptions about these asymptotic extremities are the standard ones, namely
a Minkowski geometry in the asymptotic past, and flatness at spatial infinity also in
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the asymptotic future. The language we will use is related to the fluid analogy for
black holes, which provides the intuitive picture of the spacetime vacuum flowing
into the black hole and getting shredded in its centre.
Our main results can be summarised as follows. Three crucial elements distinguish the late-time radiation with superluminal dispersion relations from standard
relativistic ones. First, at any instant there will be a critical frequency above which
no horizon has yet been experienced. This critical frequency will induce a finite limit
in the modes contributing to the radiation, which will therefore have a lower intensity than in the standard case, even if the critical frequency is well above the Planck
scale. Second, due to the effective frequency-dependence of the horizon, the surface gravity will also become frequency-dependent and the radiation will depend
on the physics inside the black hole. Unless special conditions are imposed on the
profile to ensure that the surface gravity is nonetheless the same for all frequencies
below the critical one, the radiation spectrum can also undergo a strong qualitative modification. Depending on the relation between the critical frequency and the
Lorentz violation scale, the radiation from high frequencies is no longer negligible
compared to the low-frequency thermal part, but can even become dominant. This
effect becomes more important with increasing critical frequency. Finally, a third
effect is that the radiation originating from the collapse process will extinguish as
time advances.
The remainder of this chapter has the following structure. In section 7.2, we will
describe and motivate the classical geometry of our model and the concrete kinds of
profiles that we are interested in. Note that these configurations are related, but not
identical to the ones discussed in the chapters 3– 5. In section 7.3, we will briefly review how Hawking’s standard result can be obtained in the formalism of our choice
for the case of standard relativistic dispersion relations. This calculation will be
adapted in section 7.4 to superluminal dispersion relations, and we will analytically obtain a formula for the late-time radiation for this case. Then, in section 7.5,
we will present graphics obtained from this analytic formula by numerical integration. These graphics will illustrate the results mentioned in the previous paragraph,
which we will discuss in more depth and compare with other results in the recent
literature in section 7.6.

7.2

Classical geometry

We will study radiation effects in simple (1+1)-dimensional collapsing configurations. It is well known that in the Hawking process, most of the radiation is pro-
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duced in the s-wave sector. Hence, a spherically symmetric treatment, effectively
(1+1)-dimensional, suffices to capture the most relevant aspects of the process. We
will work in Painlevé-Gullstrand coordinates, where
ds2 = −[c2 − v2 (t, x )]dt2 − 2v(t, x )dt dx + dx2 ,

(7.2.1)

and make the further simplification of taking a constant c (we will always write
c explicitly to differentiate it from the frequency/wave-number dependent ck that
will show up in the presence of a superluminal dispersion relation). In this manner all the information about the configuration is encoded in the single function
v(t, x ). The Painlevé-Gullstrand coordinates have the advantage, compared to the
Schwarzschild form, of being regular at the horizon. Moreover, they suggest a natural interpretation in terms of the language of acoustic models. In such a model, as
before and throughout this thesis, c represents the speed of sound and v is the velocity of the fluid (which corresponds to the velocity of an observer free-falling into
the black hole). Also as before, we will consider the fluid to be left-moving, v ≤ 0,
so that the outgoing particles of light/sound move towards the right.
The most relevant aspects of the analysis presented hereafter depend only on
the qualitative features of the fluid profile. However, to justify some specific calculations later on it is helpful to use the following concrete profiles, see Figs. 7.1 and
7.2. Consider a velocity profile v̄( x ) such that v̄( x → +∞) = 0, v̄( x = 0) = −c and
further decreasing monotonically as x → −∞. In the fluid image, the fluid nearly
stands still at large distances and accelerates inwards, with a sonic point or horizon
at x = 0. The further decrease in v̄ can either be linear until a constant limiting value
is almost achieved, as in Fig. 7.1, or of the form
s
v̄( x ) = −c

2M/c2
,
x + 2M/c2

(7.2.2)

again up to a constant limiting value, as in Fig. 7.2. Let us recall that this second
velocity profile corresponds to the Schwarzschild line element with M the central
mass, as can be seen by reparameterising the time coordinate and using r = x + 2M/c2
as radial coordinate [117].
Up to here, we have described a stationary profile. Now, to incorporate the dynamics of the collapse, let us introduce a monotonically decreasing function ξ (t),
ξ (t → −∞) → +∞, and define v(t, x ) as
(
v(t, x ) =

v̄(ξ (t))
v̄( x )

if
if

x ≤ ξ (t) ,
x ≥ ξ (t) .

(7.2.3)
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Figure 7.1: Velocity profile of a black hole with a linear slope of the velocity v̄( x ),
and hence a constant surface gravity κω 0 , from the classical (zero-frequency) horizon at x = 0 down to some predefined limiting value. The auxiliary function
ξ (t) separates each instantaneous velocity profile v(t, x ) into a dynamical region I:
v(t, x ) = v(t) = v̄(ξ (t)) and a stationary region II: v(t, x ) = v̄( x ).
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Figure 7.2: Velocity profile characteristic of a Schwarzschild black hole. The slope of
v̄( x ) increases from the classical horizon at x = 0 leftwards up to a constant limiting
value, leading to a surface gravity κω 0 which increases with the frequency.
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Figure 7.3: [From top to bottom and left to right] Various snapshots of the dynamical
evolution of a collapsing configuration with variable surface gravity, as in Fig. 7.2.
The classical horizon is formed at t4 .

Imagining the collapse of a homogeneous star, the function ξ (t) represents the distance from the star surface to its gravitational (Schwarzschild) radius. The dynamical configuration that we obtain consists of a series of snapshots, see Fig. 7.3. In each
snapshot, |v(t, x )| increases (i.e., the fluid accelerates) from v̄ = 0 for x → +∞, up
to a point x0 = ξ (t), and then remains constant as x further decreases towards −∞.
For consecutive snapshots, the point x0 = ξ (t) moves leftwards, so v(t, x ) covers an
ever larger part of v̄( x ).
From the point of view of an outgoing (right-moving) particle of light/sound,
the configuration is nicely split up into, first, a dynamical or t-dependent region,
and then a stationary x-dependent region, as defined in eq. (7.2.3).3
The difference between the two types of profiles, Figs. 7.1 and 7.2, can best be
3 In

a physically realistic model, the apparent kink in the profile where the transition between
both regions takes place will of course be smoothed out.
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explained in terms of the surface gravity. When modifying the dispersion relation,
the horizon becomes a frequency-dependent concept: each frequency experiences
a different horizon, as we will see explicitly in section 7.4. In particular, for superluminal modifications, the horizon forms later (i.e., at higher values of |v̄|, or more
negative values of x) for increasing frequencies. The surface gravity will then also
become frequency-dependent:
κω0 ≡ c

dv̄
dx

,

(7.2.4)

x = x H,ω 0

where x H,ω 0 is the frequency-dependent location of the horizon. This surface gravity
will be seen in section 7.4 and 7.5 to play a crucial role. This explains our choice of
the two types of profiles: In the first profile, Fig. 7.1, we have considered a linear
velocity profile |v̄( x )| from the classical or zero-frequency horizon (c = |v|) down to
some given limiting value, |v|max , from where it stays constant. This maximum velocity defines a critical frequency ωc0 as we will discuss in more detail in section 7.4.
Then the surface gravity κω 0 will be frequency-independent up to this critical frequency ωc0 after which it will rapidly vanish. In the second profile, see Fig. 7.2, we
have taken a velocity profile typical for a Schwarzschild black hole, and therefore
κω 0 increases with ω 0 , again up to a predefined limiting value corresponding to the
horizon for a critical frequency ωc0 .
In the context of the fluid analogy, it seems obvious that some mechanism will
avoid the formation of a singularity, while in gravity it is also usually expected that
quantum effects will ultimately resolve the general relativistic singularity at the centre of a black hole. But in any case, we will also take into account the limit for an
infinite critical frequency, which corresponds to the eventual formation of a singularity, and is characterised by a velocity profile with |v|max → ∞.

7.3

Standard Dispersion Relations

In this section we will briefly review a way of deriving Hawking’s formula for the
radiation of a black hole with standard (relativistic) dispersion relations of the form
ω 2 = c2 k2 . For the sake of simplicity, we will only consider a massless scalar field.
We will summarise the main steps: we start with a sketch of the general idea and
then go from the Klein-Gordon inner product and the definition of the Bogoliubov β
coefficients, over the relation between past and future null coordinates, to the blackbody radiation in the wave-packet formulation. Our aim is to present the key points
of the procedure in such a way that they can easily be adapted to superluminally
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modified dispersion relations—the subject of the next sections.

7.3.1

General idea

Hawking radiation can be understood as an example of mode mixing between positive and negative-energy modes in a dynamical curved spacetime [26; 51; 62].
In flat spacetime, due to the high amount of symmetry present, all inertial observers agree on the definition of the vacuum and of what constitutes a particle.
But this is no longer the case in curved spacetime. In particular, the definition of
positive-energy modes ψ(+) with respect to some choice of time coordinate t is that
they should be eigenfunctions of the operator ∂t such that
∂t ψ(+) = −iωψ(+) for ω > 0 .

(7.3.1)

This definition assumes the existence of a timelike Killing vector field associated
with t. In Minkowski spacetime, the Poincaré group guarantees that all inertial
observers agree on the definition of positive-energy modes. However, in curved
spacetime the Poincaré group is no longer a symmetry of the spacetime, and so the
previous conclusion does not hold in general. We will therefore compare the vacua
defined by two different observers.
Assume two complete orthonormal sets of modes {ψi0 } and {ψj }, and express
the scalar field φ( x ) in terms of each of them:
φ( x ) = ∑i [ ai ψi0 ( x ) + ai† ψi0∗ ( x )] = ∑ j [b j ψj ( x ) + b†j ψ∗j ( x )] .

(7.3.2)

Each decomposition defines a corresponding vacuum, |0 I i and |0 I I i respectively,
through
a i |0 I i

=0

(∀i )

(7.3.3)

b j |0 I I i = 0

(∀ j)

(7.3.4)

Since both sets are complete and orthonormal, one can write:
ψj =

∑(α ji ψi0 + β ji ψi0∗ ) ;
i

bj =

∑(α∗ji ai + β∗ji ai† ) ,

(7.3.5)

i

where α ji = (ψj , ψi0 ) and β ji = −(ψj , ψi0∗ ) are the so-called Bogoliubov coefficients.
If β ji 6= 0 then there will be mode mixing: a mode expressed in terms of ψj will
necessarily contain contributions from modes in terms of ψi0∗ . This implies
b j |0 I i =

∑ β∗ji ai† |0 I i 6= 0 .
i

(7.3.6)
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The vacuum |0 I i associated with {ψi0 } is then not a vacuum state for an observer
associated with {ψj }. One can calculate the amount of particles that such an observer will see in the ‘vacuum’ state |0 I i as follows. From the number operator
Nj = b†j b j , and assuming that all one-particle states are properly normalised, one
obtains h0 I | Nj |0 I i = ∑i | β ji |2 6= 0. The vacuum |0 I i associated with {ψi0 } therefore
contains a number ∑i | β ji |2 of j-particles in {ψj }.
When indexing the modes with a continuous index such as the frequency, as we
will do in the remainder of this chapter, instead of the discrete indices i and j, this
sum becomes an integral. But similar technical complications left aside, the brief
discussion given here captures the essence of particle creation in curved spacetimes.
The particular case of Hawking radiation is obtained by associating {ψi0 } to an
asymptotic past observer, before the onset of the collapse, and {ψj } to an asymptotic
future observer. For both observers, ∂t is (asymptotically) a timelike Killing vector.
The observer in the past can then define the ψi0 as the positive-energy modes and ψi0∗
as the negative-energy ones with respect to t, and likewise for the future observer.
Even though, for both observers, the spacetime is asymptotically stationary, the dynamical evolution of the spacetime inbetween means that they will not agree on the
definition of the vacuum. In particular, there will be particle creation as observed
by the second (asymptotic future) observer originating in the quantum state which
the first (asymptotic past) observer would call the vacuum state.
Note that the definition of the Bogoliubov coefficients assumes that there is a
well-defined inner product, which we will discuss now.

7.3.2

Inner product

The d’Alembertian or wave equation for a massless scalar field in 1+1 dimensions
for the metric (7.2.1) with constant c can be written as

(∂t + ∂ x v)(∂t + v∂ x )φ = c2 ∂2x φ .

(7.3.7)

This conformally invariant theory is equivalent to the dimensionally-reduced 3+1
spherically-symmetric theory if one neglects the backscattering due to the angularmomentum potential barrier (responsible for the so-called grey-body factors).
In the space of solutions of this wave equation, we can define the Klein-Gordon
pseudo-scalar product

( ϕ1 , ϕ2 ) ≡ − i

↔

Z
Σ

dΣµ ϕ1 ∂µ ϕ2∗ ,

(7.3.8)
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which is independent of the choice of the spatial slice Σ. For a t = constant slice,
and in particular for t → +∞, this becomes

( ϕ1 , ϕ2 ) = − i

Z

dx [ ϕ1 (∂t + v∂ x ) ϕ2∗ − ϕ2∗ (∂t + v∂ x ) ϕ1 ] .

(7.3.9)

We can define future null coordinates u(t, x ) and w(t, x ), such that, when t, x → +∞,
u(t, x ) → t − x/c ,

w(t, x ) → t + x/c .

(7.3.10)

Writing the inner product in terms of these null coordinates, gives, for the limit
t → +∞,
 Z +∞
ic
( ϕ1 , ϕ2 ) = −
du [ ϕ1 ∂u ϕ2∗ − ϕ2∗ ∂u ϕ1 ]w=+∞
2
−∞

Z +∞
∗
∗
+
dw [ ϕ1 ∂w ϕ2 − ϕ2 ∂w ϕ1 ]u=+∞ .
(7.3.11)
−∞

Note that, in the derivation of this formula, we have only made use of coordinate
transformations, without relying on their null character or on geometrical tools such
as conformal diagrams or the deformation of Cauchy surfaces. This is important
because in the case of modified dispersion relations, such geometrical concepts become problematic and actually can only be maintained in the context of a rainbow
geometry—if at all.
Similarly we could have used past null coordinates (U, W ), which obey, when
t → −∞,
U (t, x ) → t − x/c ,

W (t, x ) → t + x/c ,

(7.3.12)

to calculate the inner product in the asymptotic past.

7.3.3

Bogoliubov β coefficient

The right-moving positive-energy solutions associated with the asymptotic past and
with the asymptotic future, normalised in the Dirac-delta sense, can be expressed as
0
ψω
0 = √

1
2πc

0

ω0

e−iω U ,

ψω = √

1
2πc ω

e−iωu ,

(7.3.13)

respectively, where we use primes to indicate asymptotic past values.
The mode mixing relevant for the Hawking process occurs in the right-moving
sector. Therefore, we only need to calculate the first term in the scalar product (7.3.11).
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Then, plugging eq. (7.3.13) into the definition of β given just below eq. (7.3.5) and
integrating by parts we obtain the simple expression
r Z
0
1
ω
du e−iω U (u) e−iωu ,
(7.3.14)
β ωω 0 =
0
2π ω
so that all the information about the produced radiation is contained in the relation
U = U (u) ≡ U (u, w → +∞).

7.3.4

Relation U (u)

For a standard relativistic dispersion relation, it is well known (see, e.g., [26]) that
the relation between U and u for a configuration that forms a horizon (in our case
at x = 0) can be expressed at late times as U = UH − Ae−κu/c (note that we use
a subscript H for all quantities associated with the horizon), where UH , A and the
surface gravity
dv̄
dx

κ≡c

(7.3.15)
x =0

are constants.
We can define a threshold time u I at which an asymptotic observer will start to
detect thermal radiation from the black hole. This retarded time corresponds to the
moment at which the function U (u) enters the exponential regime. We can then
rewrite the previous expression, valid for u > u I , as
U = UH − A0 e−κ (u−u I )/c .
Plugging this relation into eq. (7.3.14) and integrating in u gives
r
1
ω c
cω
exp[−iω 0 UH ] exp[−i
ln(ω 0 A0 )]
β ωω 0 =
0
2π ω κ
κ
πcω
× exp(−iωu I ) exp(−
)Γ(icω/κ ) .
2κ

7.3.5

(7.3.16)

(7.3.17)

Wave packet formulation

In order to obtain physically sensible results, it is a good precautionary measure to
replace the monochromatic rays used so far by wave packets (see e.g. [62] or the
discussion in [51]). Positive-energy wave packets can be defined as

Pω j ,ul (ω ) ≡

eiωul
√
∆ω

0

− 12 ∆ω < ω − ω j < 12 ∆ω
otherwise ,

(7.3.18)
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where ul ≡ u0 + 2πl/∆ω with u0 an overall reference and l an integer phase parameter. The central frequencies of the wave packets are ω j ≡ j∆ω, with ∆ω their
width.
R
Then, from the expression β ω j ,ul ;ω 0 ≡ dω β ωω 0 Pω j ,ul (ω ) , and assuming that the
wave packets are sufficiently narrow (∆ω  ω j ), we obtain

| β ω j ,ul ;ω 0 |2 ≈

1
c∆ω sin2 (z − zl )
,
2πω 0 κ (z − zl )2 exp( 2πcω j ) − 1

(7.3.19)

κ

where we have defined
z=

c∆ω
ln ω 0 A0 ;
2κ

zl =

∆ω
2 (ul

− uI ) .

(7.3.20)

Finally, integration in ω 0 gives the number of particles with frequency ω j detected
at time ul by an asymptotic observer:
Nω j ,ul =

≈

Z +∞

dω 0 | β ω j ,ul ;ω 0 |2

(7.3.21)

1
,
exp(2πcω j /κ ) − 1

(7.3.22)

0

which reproduces Hawking’s formula (in the absence of backscattering) and corresponds to a Planckian or black-body spectrum with temperature TH = κ/(2πc).
Note that the essence of the transplanckian problem is contained in this last step,
since the integration must indeed be carried out up to infinite frequency to recover
the standard Hawking result, an issue which we will further discuss in section 7.4.5.

7.4

Superluminally modified dispersion relations

In this section we will indicate how the late-time radiation originating from the formation of a black hole through a collapse process can be calculated in the case of
superluminal dispersion relations.
We have discussed earlier in this thesis how superluminal dispersion relations
can arise as a phenomenological description in quantum gravity scenarios with
Lorentz violations at high energies, see chapter 6, and how they are also naturally
found in BECs (chapter 2). From a theoretical point of view, one can also introduce
superluminally modified dispersion relations by adding a quartic term to the wave
equation:
!
1
(∂t + ∂ x v)(∂t + v∂ x )φ = c2 ∂2x + 2 ∂4x φ ,
(7.4.1)
kL
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ck,g
ck,ph
c
kL

k

Figure 7.4: Behaviour of the effective phase ck,ph and group ck,g speeds of
light/sound with respect to the wave number k. Due to the non-relativistic dispersion relation, the effective velocities become ‘superluminal’ for k > k L (where k L is
the Lorentz violation scale).

where k L (the Lorentz symmetry breaking scale) is the scale at which non-relativistic
deviations in the associated dispersion relation
!
2
k
(ω − vk)2 = c2 k2 1 + 2
(7.4.2)
kL
become significant. The reasons for using this relation in particular were discussed
in chapter 6. Let us just recall that in Bose–Einstein condensates, k L = 2/ξ, with ξ
the healing length of the condensate. We also repeat that in quantum gravity, this
Lorentz violation scale is usually identified with the Planck scale, although analogue
gravity models indicate that the two are not necessarily related. In any case, qualitatively, our results will not depend on the specific form of the deviations from the
relativistic dispersion relation but on their superluminal character.
This dispersion relation leads to a modification in both the phase velocity v ph
and the group velocity v g . For a right-moving wave, we have
v ph ≡

ω
= ck,ph + v ,
k

vg ≡

dω
= ck,g + v ,
dk

(7.4.3)

where we have introduced the effective k-dependent phase and group speeds of
light/sound
2
s
1 + 2 kk2
k2
L
ck,g = c r
,
(7.4.4)
ck,ph = c 1 + 2 ,
kL
k2
1 + k2
L

respectively (see Fig. 7.4). Both ck,ph and ck,g become larger than c (i.e., become
‘superluminal’) as k increases above k L .
At first sight, it seems obvious that the ray equation should be defined in terms
of the group velocity v g . Nevertheless, the question of whether the velocity relevant
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for Hawking radiation is the group or the phase velocity seems to be tricky [108; 121;
122]. For example, (7.4.9) below suggests that the phase velocity might be relevant.
We limit ourselves to remark that ck,g and ck,ph show the same qualitative behaviour.
Hence our results are independent of this issue and we will simply write ck (or
ck(ω 0 ) when wishing to emphasise the frequency-dependence). There will then be
a horizon, which becomes frequency-dependent, when ck + v = 0, irrespectively
of whether ck,g or ck,ph is used for ck . Moreover, since ck becomes arbitrarily high
for increasing wave number k, given a certain |v|max at a particular instant of time,
there will be a critical ωc0 such that waves with an initial frequency ω 0 > ωc0 do not
experience a horizon at all. The only exception to this rule occurs when the velocity
profile ends in a singularity v̄ → −∞, which implies ωc0 → ∞.
Our aim is to calculate the black hole radiation with superluminally modified
dispersion relations. We will now repeat the main steps of section 7.3, and point out
where and how these modifications must be taken into account.

7.4.1

Generalisation of inner product

The essential point with regard to the pseudo-scalar product (7.3.9) is the following.
Its explicit form for t =constant is not changed by the presence of the ∂4x term in the
wave equation (see also the discussion in [42]). Indeed, it is still a well-defined inner
product, and in particular it is still a conserved quantity, since
∂ t ( ϕ1 , ϕ2 ) =

Z

dx

↔
ϕ1 ∂4x

ϕ2∗ ,

(7.4.5)

which can be seen, by repeated integration by parts, to vanish under the usual assumption that the fields die off asymptotically. Note that the modification of the dispersion relation singles out a preferred time frame: the ‘laboratory’ time t. Changing to another time t̃ will in general lead to a mixing between t and x, and hence the
simple relations given here would no longer be valid.
Using the preferred time t, and making exactly the same change of coordinates
as in the case of standard dispersion relations, we can again transform the inner
product, evaluated at t → +∞, into the expression (7.3.11) in terms of u and w. As
in the standard case, only the first term is relevant for the Hawking process:

−

ic
2

Z +∞
−∞

du [ ϕ1 ∂u ϕ2∗ − ϕ2∗ ∂u ϕ1 ]w=+∞ .

(7.4.6)

Note that we are now using u and w merely as a perfectly good set of (auxiliary) coordinates, in order to cast the inner product into a useful form. However,
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here they do not have the null character they had in the case of standard dispersion
relations.

7.4.2

Rainbow null coordinates

Let us define some sets of spacetime functions that will prove to be useful in what
follows. Given a fluid profile of the type described in section 7.2, we can integrate
the ray equation
dx
= ck(ω 0 ) (t, x ) + v(t, x ) ,
dt

(7.4.7)

starting from the past left infinity towards the right. The ray has an initial frequency
ω 0 and an associated initial wave number k0 , from which we can deduce the value of
ck0 . In the left region, where the velocity profile is dynamic but position-independent
(v( x, t) = v(ξ (t)), with ξ (t) the auxiliary function introduced in section 7.2), k = k0
can be considered as fixed while the frequency changes (this is what happens in a
mode solution of equation (7.4.1) in this region). Then, we can define the function

Uω 0 (t, x ) =

1
ω0

Z

ω̄ (t)dt −

k0
x,
ω0

(7.4.8)

where ω̄ (t) is the instantaneous frequency of the particle at each time t, defined
through the dispersion relation and such that ω̄ (t → −∞) = ω 0 .
When the ray reaches the kink it passes into a stationary region in which the
velocity profile only depends on the position (v(t, x ) = v̄( x )). At the kink, the ray
still has the initial wave number k0 and a frequency ω. In its propagation towards the
right this frequency now remains fixed while its wave number becomes a decreasing
function k̄ ( x ) of the position, such that k̄ (ξ (t0 )) = k0 , with t0 the moment at which
the kink is crossed. The final frequency of the ray will then simply be ω and its final
wave number k = limx→+∞ k̄ ( x ). In this region, then, the function Uω 0 (t, x ) can be
expressed as

Uω 0 (t, x ) = t −

Z

k̄ ( x )
dx .
ω

(7.4.9)

Note here that ω and k̄ ( x ) both depend on the initial ω 0 .
The same can be done by integrating the ray equation starting from the future.
In this way we can define uω functions. (The same procedure can be used to define
Wω 0 and wω ). It is worth noting that Uω 0 and uω are not null coordinates in the
usual geometric sense, since they are frequency-dependent, but they nevertheless
share many properties with null coordinates.
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Bogoliubov β coefficient

The calculation of the inner product (7.4.6) involves the limit w → +∞ (equivalently, wω → +∞). We can therefore change variables in the inner product from u to
uω = uω (u) ≡ uω (u, w → +∞). The combination of the derivative and the integral
means that the form of (7.4.6) is preserved in the new integration variable uω . We
then can write the Bogoliubov β coefficients relevant for the Hawking process as
β ωω 0 = −

ic
2

Z +∞
−∞

0
0
duω [ψω
0 ∂ uω ψω − ψω ∂ uω ψω 0 ] wω =+∞ .

(7.4.10)

Now, assuming that the profiles vary slowly (in scales much larger than the
Planck distance), the right-moving positive-energy modes associated with past and
future infinity can be approximated by the following simple expressions:
0
ψω
≈ √
0

ψω ≈ √

1
2π c
1

ω0

2π c ω

e−iω

0

Uω 0

,

e−iω uω ,

(7.4.11a)
(7.4.11b)

so that the Bogoliubov coefficients read
β ωω 0

1
≈
2π

r

ω
ω0

Z

0

duω e−iω Uω0 (uω ) e−iωuω .

(7.4.12)

In analogy with the standard case, all information about the radiation is seen to
be encoded in the relation Uω 0 (uω ). In this expression ω 0 is the initial frequency of
a ray at the past left infinity and ω = ω (ω 0 ) its final frequency when reaching the
future right infinity.
The approximation just discussed for the Bogoliubov coefficients amounts to
considering profiles that vary sufficiently slowly both with x and t. This is equivalent to considering large black holes. In general the quartic term in the wave equation, or equivalently the quartic modification of the dispersion relation, introduces
a new source of backscattering, on top of the usual angular-momentum potential
barrier which we have already neglected. In our approximation, this additional
backscattering (beyond the standard grey-body factors) has been neglected. For
large black holes this contribution will in any case be very small as has been observed in numerical simulations [108]. In addition we are also neglecting any reflection caused by the kink. However, let us remark that given an approximate
scheme for calculating Uω 0 (uω ) for general profiles v(t, x ), the same Uω 0 (uω ) obtained from a profile with a kink would be obtainable from one (or several) specific
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v(t, x ), this time perfectly smooth and thus causing no further backscattering. Our
results, which rely only on the specific form of the relation Uω 0 (uω ), are therefore
valid beyond the specific configurations with a kink presented in this chapter.

7.4.4

Relation Uω0 (uω )

Our next task is to calculate the uniparametric family of functions Uω 0 and the relation between Uω 0 and uω for different configurations. As explained in section 7.4.2,
the relation Uω 0 (uω ) is obtained by integrating the ray equation dx/dt = ck + v using the profiles discussed in section 7.2. These can be described by means of stationary profiles v̄( x ) and an auxiliary function ξ (t), see the definition of v(t, x ) in
eq. (7.2.3). We will use a straightforward extension of the procedure established
in [17] (see also [18] for a summary) for a relativistic dispersion relation. Care must
be taken, however, with the quantities that depend on the frequency ω 0 . In particular:
• We will denote by x H,ω 0 and t H,ω 0 the position and the time at which the horizon associated with a particular initial frequency ω 0 is formed.
• The surface gravity κω 0 , defined in (7.2.4), allows to write, for all ω 0 < ωc0 and
for x close to x H,ω 0 :
1
v̄( x ) ≈ −ck + κω 0 ( x − x H,ω 0 ) ,
c

(7.4.13)

up to higher-order terms in x − x H,ω 0 .
• In a similar way, ξ (t) can be linearised near t H,ω 0 by introducing an ω 0 -dependent
parameter λω 0 :
ξ (t) ≈ x H,ω 0 − λω 0 (t − t H,ω 0 ) ,

(7.4.14)

again up to higher-order terms.
Let us consider laboratory times t > t H,0 ≡ t H,ω 0 =0 such that ξ (t) has already
crossed the classical horizon at x = 0: ξ (t > t H,0 ) < 0. As we explained earlier
we can define a critical frequency ωc0 as the minimum initial frequency such that
ck + v̄(ξ (t)) > 0 for all ω 0 > ωc0 , or, in other words, the minimum frequency which
at that particular time has not experienced any horizon yet.
We first integrate the ray equation in the dynamical part of the profile, where
v = v̄(ξ (t)), for rays crossing the kink just before the formation of the horizon. The
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integral in this region runs between the asymptotic past and the point (t0,ω 0 , x0,ω 0 )
at which the kink separating the dynamical and the stationary regions is crossed for
this particular frequency:
Z t 0
h
i Z x0,ω0
0,ω
dt v̄ (ξ (t)) + ck(ω 0 ) =
dx .
(7.4.15)
−∞

−∞

Writing ck0 = limt→−∞ ck(ω 0 ) for the speed of propagation in the asymptotic past
(and by extension in this whole first region, since k = k0 remains constant, see section 7.4.2), using the property Uω 0 (t, x ) → t − x/ck0 for t, x → −∞, and noting that
x0,ω 0 ≡ ξ (t0,ω 0 ), this leads to

Uω 0

ξ (t0,ω 0 )
1
+
= t0,ω 0 −
ck0
ck0

Z t 0
0,ω
−∞

v̄(ξ (t))dt ,

(7.4.16)

which can be written as

Uω 0 ≈ U H,ω 0 +

λω 0
(t 0 − t H,ω 0 ) ,
ck0 0,ω

(7.4.17)

for small values of |t0,ω 0 − t H,ω 0 |, where

U H,ω 0

ξ (t H,ω 0 )
1
≡ t H,ω 0 −
+
ck0
ck0

Z t 0
H,ω
−∞

v̄(ξ (t))dt

(7.4.18)

is the ray constituting the horizon associated with the frequency ω 0 .
In the stationary part of the profile, where v = v̄( x ), we can proceed in a similar
way and write
!
Z x
xf
f
dx
+
,
(7.4.19)
uω = lim
t0,ω 0 −
x f ;t f →+∞
ck, f
ξ (t0,ω 0 ) v̄ ( x ) + ck (ω 0 )
where ck, f = limt→+∞ ck(ω 0 ) is the speed of propagation in the asymptotic future.
Using the identity
Z ξ (t 0 )
xf
ξ (t0,ω 0 )
0,ω
dx
−
=
,
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ck, f
ck, f
ck, f
xf
eq. (7.4.19) can be cast in the following form:
#
"
Z +∞
ξ (t0,ω 0 )
1
1
uω = t0,ω 0 −
+
dx
−
.
ck, f
v̄( x ) + ck(ω 0 ) ck, f
ξ (t0,ω 0 )

(7.4.21)

We now focus on the integral on the right-hand side and split the integration interval
into three parts:
Z +∞
ξ (t0,ω 0 )

=

Z xI
ξ (t0,ω 0 )

+

Z xI I
xI

+

Z +∞
xI I

,

(7.4.22)
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with x I close to ξ (t0,ω 0 ) and x I I sufficiently large so that, effectively, v̄( x ) → 0 and
ck(ω 0 ) → ck, f for x = x I I . The value of the third integral now approximately vanishes. The value of the first integral evaluated at its upper integration boundary
x I , together with the complete second integral, can be absorbed into a largely irrelevant bulk integration constant C1 . What remains is the behaviour of the first integral
around its lower integration boundary ξ (t0,ω 0 ). We are interested in its behaviour
for small values of |t0,ω 0 − t H,ω 0 |. Using (7.4.13) to approximate the integrand, we
obtain
ξ (t0,ω 0 )
1
+ C1 −
uω ≈ t0,ω 0 −
ck, f
ck, f

ck, f

Z ξ (t 0 )
0,ω

1
c κω0 ( x

− x H,ω 0 )

dx ,

(7.4.23)

from which we conclude that
ξ (t0,ω 0 ) − x H,ω 0 = Cω 0 e−κω0 uω /c .

(7.4.24)

Both regions are connected by combining eqs. (7.4.17) and (7.4.24). Making use
of eq. (7.4.14), this gives

Uω 0 = U H,ω 0 − Aω 0 e−κω0 uω /c .

(7.4.25)

This relation is valid for frequencies for which a horizon is experienced, i.e. for
ω 0 < ωc0 and times uω > u I,ω 0 , where u I,ω 0 is the threshold time defined in section 7.3.4 which, unsurprisingly, has become frequency-dependent. Again, as in the
case of standard dispersion relations—section 7.3.4—we can write

Uω 0 = U H,ω 0 − A0 e−κω0 (uω −ū I,ω0 )/c ,

(7.4.26)

where ū I,ω 0 is essentially u I,ω 0 (with possible higher-order corrections). Assuming
that the collapse takes place rapidly, it is a good approximation to replace ū I,ω 0 by
ū I,ωc0 . Actually, as we will see shortly, this is a conservative estimate, in the sense that
it slightly underestimates the superluminal correction to the radiation spectrum.

7.4.5

Wave packet formulation

The relation Uω 0 (uω ) we are considering, interpolates between a linear behaviour at
early times and an exponential behaviour at late times. It has the same form as the
relation U (u) for standard dispersion relations, and so we can continue following
the steps of the standard case. In particular, the equivalent of eq. (7.3.17) is obtained
by integrating out uω . Note that we use the subscript ω to emphasise that the uω
are not the null coordinates of the standard case, but this should not be interpreted
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as an explicit function of ω and so does not complicate the integration steps in uω
and ω. However, when integrating | β ω j ,ul ;ω 0 |2 in ω 0 to obtain Nω j ,ul , see section 7.3.5,
we must carefully consider the frequency-dependence of the relevant terms, i.e., of
U H,ω 0 , ū I,ω 0 and κω 0 . The term carrying U H,ω 0 is moduloed away in eq. (7.3.19), and
we have replaced ū I,ω 0 by ū I,ωc0 , so the only relevant frequency-dependent factor that
we are left with is the surface gravity κω 0 .
Moreover, because of the critical frequency ωc0 in the horizon formation process,
a finite upper boundary will also be induced in the integral. Indeed, frequencies
ω 0 > ωc0 do not contribute to the radiation at all, since they do not experience a
horizon. This is a delicate but crucial point. It was already observed long ago by
Jacobson [65] that trying to solve the transplanckian problem naively by imposing
a cut-off frequency would seemingly extinguish Hawking radiation on a relatively
short time scale. In our case, however, this cut-off is not imposed ad hoc, but appears
explicitly because of the superluminal character of the system at high frequencies.
Moreover, the critical frequency, and hence the upper boundary induced in the integral, depend directly on the physics inside the horizon. Indeed, given a certain
velocity profile, and in particular its behaviour near the centre of the black hole, the
critical frequency can be calculated by setting ck = |v| in eq. (7.4.4) and extracting
the corresponding critical frequency from the dispersion relation (7.4.2). We will see
this effect graphically in section 7.5.
In analogy with eqs. (7.3.19) and (7.3.21), we now obtain the number of particles
detected for each frequency ω j as
Nω j ,ul =

Z ω0
c
0

dω 0 | β ω j ,ul ;ω 0 |2

(7.4.27)
h
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2π
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ln ω 0 A0 , with κ0 ≡ κω 0 =0 (which corresponds to the standard κ

0
of (7.3.15)), and zl,ω 0 = κω00 ∆ω
2 ( ul − ū I,ωc0 ). Changing the integration variable from ω
to z, we finally obtain the central expression in our analysis:
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Z
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(7.4.28)

ω

0
where the upper integration boundary zc = c∆ω
2κ0 ln ωc A0 . Note that, as we indicated
earlier, the use of ū I,ωc0 in the definition of zl,ω 0 is a conservative stance. Indeed,
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strictly speaking, we should write zl,ω 0 ∝ (ul − ū I,ω 0 ). For a fixed zc , a smaller value
of zl,ω 0 , and hence a larger value of ū I,ω 0 , means that a larger part of the central peak
of the integrand will be integrated over. Since we are replacing ū I,ω 0 by the upper
bound ū I,ωc0 , we are overestimating the resulting radiation, i.e., underestimating the
modification with respect to the standard Hawking radiation.
The expression (7.4.28) brings out the two crucial factors mentioned earlier, and
a third, corollary one.
• First, it shows the dependence of the total radiation on the critical frequency ωc0
(through the integration boundary zc induced by it), as discussed just before
obtaining formula (7.4.27).
• Second, it shows the importance of the frequency-dependent κω 0 (to be compared with the fixed κ of the standard case). Given a concrete profile v(t, x ),
the frequency-dependence of κω 0 can be derived explicitly, as we will discuss
next.
• Finally, as a corollary of the first point, it shows that, as ul (and hence zl,ω 0 )
increases, a smaller part of the central peak of the integrand will be integrated
over, so the radiation will die off as ul advances.
It is also a simple exercise to consider what this result implies for the case of a constant surface gravity κω 0 = κ0 . From (7.4.28), one obtains immediately that the exponential Planckian factor leaves the integral, whereas the remaining terms lead to
a prefactor smaller than one.

7.4.6

Surface gravity

A careful analysis has shown that, so far, most formulas for the standard case could
be adapted to superluminal dispersion relations by replacing the relevant magnitudes with their frequency-dependent counterparts. For example, β ωω 0 was obtained by replacing U and u by Uω 0 and uω , and in particular UH , u I and κ by U H,ω 0 ,
ū I,ω 0 and κω 0 , respectively. Given a concrete profile, we can explicitly deduce the
relation between κω 0 and ω 0 , with the Lorentz violation scale k L as a parameter, as
follows. The horizon for a particular initial frequency ω 0 is formed when
1+

|v( x H,ω 0 )|2
k2H
=
,
c2
k2L

(7.4.29)
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i.e., when v ph = ck + v = 0, where we have used the phase velocity for concreteness.
But again, qualitatively, our results would be similar if we take the group velocity
v g instead of v ph .
Taking into account that k H = k0 , the dispersion relation in the asymptotic past
can be written as
!
2 (x
2
0
|
v
)|
H,ω
−1 .
(7.4.30)
ω 02 = |v( x H,ω 0 )|2 k2L
c2
Given a concrete profile, x H,ω 0 can then be obtained and κω 0 calculated explicitly.
For the profiles of the first type, see Fig. 7.1, the result is trivial. Indeed, |v̄( x )|
increases linearly between the horizon corresponding to ω 0 = 0 and the one for ωc0 ,
so we obtain a constant κω 0 = κ0 for all ω 0 < ωc0 .
For a Schwarzschild profile as in Fig. 7.2, on the other hand,
s
c2 /2κ0
v̄( x ) = −c
,
x + c2 /2κ0

(7.4.31)

so we obtain
κω0

dv̄
≡ c
dx

= κ0

1
√



= κ0
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2 2
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|v̄ H |
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ω 02
1+4 2 2
c kL

!3/2
.

(7.4.32)

Note that κω 0 remains nearly constant until frequencies of the order of magnitude
of the Lorentz violation scale are reached, and then starts to increase rapidly, see
Fig. 7.5. As we will see graphically in the next section, this can have an important
qualitative influence on the radiation spectrum.
We now have all the tools necessary to compute and plot (7.4.28) for different
parameters of the profiles described in section 7.2.

7.5

Graphical results and discussion

We have integrated eq. (7.4.28) numerically using the Gauss-Chebyshev quadrature
method. The results are plotted in Figs. 7.6–7.8 and perfectly illustrate the three
important factors that we deduced theoretically in section 7.4.5. Note that in all the
figures we have plotted E ≡ ω 3 × N against ω to make visual comparison with the
usual thermal spectra in 3+1 dimensions easier.
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Figure 7.5: Surface gravity κω0 with respect to the (logarithm of the) frequency for
a Schwarzschild-type black hole as in Fig. 7.2, with the Lorentz violation scale k L =
1039 t−1 and the critical frequency ωc0 = 13 × 1039 t−1 (where t represents an arbitrary
time unit.)

Fig. 7.6 shows the influence of the critical frequency ωc0 for a profile with constant
κω 0 , as in Fig. 7.1, and ul = ū I,ωc0 (i.e., immediately after the horizons have formed
for all ω 0 < ωc0 ). The constant κω 0 guarantees that the form of the Planckian spectrum is approximately preserved. In particular, the peak frequency is not shifted.
However, the intensity of the radiation decreases with decreasing critical frequency.
Actually, only for extremely high critical frequencies is the original Hawking spectrum recovered. For a critical frequency still well above the Lorentz violation scale,
the decrease can be significant. For example, for ωc0 = 1061 ck L , the peak intensity
decreases by nearly 30%, while for ωc0 = ck L , the decrease is approximately 40%.
At the other end, note that extremely low critical frequencies still leave a significant
amount of radiation. For example, for ωc0 = 10−139 ck L , still 20% of the original peak
radiation is obtained. So Hawking radiation receives significant contributions from
an extremely wide range of frequencies.
Fig. 7.7 shows the radiation spectrum for a Schwarzschild-like profile and hence
increasing κω 0 , as in Fig. 7.2, in particular for critical frequencies ωc0 close to the
Lorentz violation scale. On top of the general decrease of the standard Planckian
part of the spectrum (approximately 40%, as in the previous case) due to the finite integration boundary induced by the critical frequency, the fact that the surface
gravity is now frequency-dependent leads to an important qualitative change of the
spectrum. The high-frequency tail of the spectrum is totally transformed. Actually,
if the critical frequency is sufficiently higher than the Lorentz violation scale, the
dominant source of radiation lies in the high-frequency region. Note that this effect
is truly a consequence of the modification of the physics for frequencies above the
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Figure 7.6: Influence of the critical frequency on the radiation spectrum for a black
hole with velocity profile such that the surface gravity is constant, as in Fig. 7.1, and
different values of the critical frequency. We have chosen c = 1, ul = u I = 0, UH =
A = 1 t, κ0 = 12 t−1 and the Lorentz violation scale k L = 1039 t−1 (where t represents
an arbitrary time unit), which amounts to considering a solar-mass black hole. From
top to bottom we have plotted ωc0 = 103000 , 10100 , 1039 , 1, 10−39 , 10−100 , 10−300 . Note
that the standard Hawking spectrum coincides perfectly with the upper curve, which
effectively corresponds to the absence of a critical frequency.

Lorentz violation scale. This can be appreciated by noticing that, at ωc0 = 0.1ck L ,
the whole tail-modifying effect has disappeared and the usual Planckian form of
the thermal radiation spectrum is approximately recovered, although with a lower
intensity, as the quantitative decrease described above still occurs.
Finally, Fig. 7.8 shows the influence of the measuring time ul (measured with respect to ū I,ωc0 ) for a profile of the second type (increasing κω 0 ). It is clearly seen that
the radiation originating from the collapse process dies off with time, and actually
dies off rather fast. For a solar-mass black hole and an ωc0 of the order of the Planck
scale, the radiation would last less than a second. Note that this effect is a corollary
of the existence of a critical frequency ωc0 , since in its absence, the integration boundaries in eq. (7.4.28) would be infinite, and so the integral would be insensitive to a

7.5. GRAPHICAL RESULTS AND DISCUSSION

99

10

8

6

E
4

2

0
0

20

40

60

80

100

120

ω
Figure 7.7: Influence of a frequency-dependent surface gravity κω0 on the radiation
spectrum for a black hole with Schwarzschild-type velocity profile (surface gravity
increases with frequency), as in Fig. 7.2, and different values of the critical frequency
around the Lorentz violation scale k L : ωc0 /ck L = 13, 10, 7, 4, 0.1 (from top to bottom).
The standard Hawking spectrum is depicted in dashed–dotted line for comparison.
Numerical values of κ0 , k L etc as in Fig. 7.6.

change u → u + ∆u.
This decrease with time is not wholly unexpected [58; 65]. Indeed, the redshift
in the frequency suffered by a wavepacket moving away from the black hole is exponential, in analogy with the relation between the past and future null coordinates
(see eqs. (7.3.16) and (7.4.25)). In terms of original frequencies ω 0 and final frequencies ω, this redshift can be written as
ω ∝ ω 0 e−c

3 u/4M

,

(7.5.1)

in units such that G = 1, and where u is the time of arrival at the asymptotic future
infinity. Therefore, when tracing modes with a fixed final frequency ω back in time,
the corresponding original frequency ω 0 is exponentially blueshifted with increasing u. In the case of superluminal dispersion, this implies that, as time advances,
one inevitably reaches a moment when original frequencies above the critical frequency would be needed in order to sustain the radiation. But since these ultra-
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Figure 7.8: Influence of the measuring time ul on the radiation spectrum, for a
Schwarzschild-type velocity profile, see Fig. 7.2 and ωc0 /ck L = 13, compare with
Fig. 7.7. Different values of ul (from top to bottom): ul = 0, 22, 35, 50, 500 t with
t denoting an arbitrary time unit. The standard Hawking spectrum is depicted in
dashed–dotted line for comparison. Numerical values of κ0 , k L etc as in Fig. 7.6.

high-frequencies do not see a horizon, they do not suffer such an exponential shift,
hence they simply do not contribute to the Planckian radiation.
The combined effect of Fig. 7.7 and Fig. 7.8 leads to the following qualitative picture for the further collapse towards a singularity once the initial or classical horizon
has formed. As the interior gradually uncovers a larger portion of the Schwarzschild
geometry, two competing processes will take place. On the one hand, the spectrum
acquires ever larger contributions associated with higher and higher temperatures.
On the other hand, the overall magnitude of the spectrum is damped with time.
The question of which process dominates could depend on the fine details of the
dynamics of the collapse, and might be further complicated by backreaction effects,
which we have not considered in our analysis.
It is anyhow clear, particularly for the case of a Schwarzschild collapse, that the
relation between the critical frequency and the Lorentz violation scale can play a
crucial role. Since the critical frequency is associated with the level at which the col-

7.5. GRAPHICAL RESULTS AND DISCUSSION

101

lapse process saturates, it is reasonable to expect that, for the case of a gravitational
collapse, this critical frequency will ultimately be related to the Planck scale EPl .
Indications this expected relationship can be found both in dimensional estimates
for quantum gravity based on quantum mechanics, special relativity and general
relativity [55], and in toy models, for example within the context of loop quantum
gravity [27]. Since current observations seem to indicate that Lorentz violations at
the Planck scale are strongly suppressed (if present at all), and hence EL  EPl ,
it seems that at least the Planckian form of the black hole radiation is rather robust,
even if there turns out to exist superluminal dispersion at high frequencies. The full
intensity of a truly Planckian spectrum, however, is only recovered if the critical frequency ωc0 → +∞, in other words, if there is a singularity at the end of the collapse,
and if moreover the surface gravity is constant for all frequencies (which, we again
insist, in a superluminal scenario is not the case for a Schwarzschild collapse).
However, this robustness of the Planckian form of the spectrum seems to be
more ‘accidental’ than intrinsic (unless a fundamental explanation can show why
EL  EPl should necessarily be the case). To illustrate this, remember that for
BECs, we argued in chapter 6 that the analogue of the Planck scale EPl is related to
the interatomic distance, which provides an intrinsic short-distance cutoff, whereas
the Lorentz violation scale EL is determined by the healing length ξ, such that
EL  EPl . It is easy to see, then, that the mere creation of a black hole horizon
in a BEC already implies that the critical frequency must lie above the Lorentz violation scale.4 Hence we expect ultraviolet contributions to spontaneously show up
in any Schwarzschild-type collapse experiment in a BEC in which the collapse sufficiently crosses the zero-frequency horizon. In practical terms, in the model that we
are considering, this involves an increasingly accelerating background flow velocity, see Fig. 7.2, up to at least a few times the speed of sound. On the other hand, if
the background flow velocity has a linear slope, as in Fig. 7.1, then such ultraviolet
contributions should be absent.
In any case, care should be taken when proclaiming the robustness of Hawking
radiation in collapsing configurations. Indeed, our results show that, while it might
be possible to recover the standard Hawking spectrum in some particular limit, it is
certainly not the general rule in the case of superluminal dispersion.

4A

straightforward calculation taking for example v = 2c and using the phase velocity (7.4.4)
√
and the dispersion relation (7.4.2) gives ωc0 = 4 3ck L . From Fig. 7.7, we see that this might already
be sufficient to detect the ultraviolet contributions.
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Summary and discussion

We have discussed the Hawking radiation for a collapsing configuration with superluminal dispersion relations. Our approach followed the lines of Hawking’s original
calculation through the relation between the ray trajectories in the asymptotic past
and those in the asymptotic future. We did therefore not need to impose any condition or assumption at the horizon. Rather, our main assumptions were the usual
ones with regard to a gravitational collapse, namely a Minkowski geometry in the
asymptotic past, and asymptotic flatness also in the future.
An additional implicit assumption in our calculations is the following. We have
assumed that the number of degrees of freedom of the quantum theory associated
with the collapsing configurations is equal to that of the field theory in a stationary Minkowskian spacetime, which is the starting point of the dynamical evolution of our profiles. In this context, note that for a constant subsonic flow, given a
real frequency ω, the modified scalar field equation has two independent normalisable solutions (with the standard caveats associated with the normalisation of plane
waves), whereas the other two solutions become divergent in some region and hence
must be discarded. However, in a constant supersonic flow, depending on the frequency range, one can find either two or four independent normalisable solutions
(see Fig. 7.9), with a transition point in which there are three solutions (of which one
is degenerate). Upon quantisation, these theories have a different number of degrees
of freedom. Since a stationary black hole configuration consists of a subsonic and a
supersonic region, the number of normalisable solutions for a given frequency can
then either be two or three, depending on the frequency under consideration. But
there always exist frequencies with three associated normalisable solutions. So the
field theory over a stationary black hole configuration has more degrees of freedom
than that for a Minkowskian (i.e., purely subsonic) spacetime. Our assumption can
then be rephrased as follows. We assume that the introduction of dynamics does not
change the number of degrees of freedom of the initial theory, and so we consider
only how the two initial Minkowskian degrees of freedom are distorted by the dynamics of collapse, and how this influences the standard mechanism for Hawking
radiation in such a collapse process.
Our results can be summarised as follows.
Modifications of the dispersion relation cause the horizon, and various associated quantities such as the surface gravity κ, to become frequency-dependent. In
particular, a critical frequency ωc0 naturally appears such that frequencies higher
than ωc0 do not experience a horizon. More generally, it also means that the stan-
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Figure 7.9: Superluminal dispersion relation for various values of v (left) and of ω
(right), scaled atqc = 1. The intersection points between the line ω − vk (in blue) and
the curves ±ck 1 + k2 /k2L (in black) mark the real (normalisable) mode solutions
for a given ω. For a given frequency ω0 (left), there are always 2 normalisable solutions in a subsonic regime (|v| < c), but there can be up to 4 in a supersonic regime
(|v| > c). For a given supersonic flow (right), depending on the value of ω, there can
be 2 or 4 normalisable solutions.

dard geometric concepts traditionally used to study black holes must be handled
with care. Nevertheless, through a detailed analysis, we have seen that the equations related to the late-time radiation can be adapted quite straightforwardly from
standard (relativistic) to superluminal dispersion relations.
We analytically derived an approximate equation for the particle production
at late times (7.4.28) with superluminal modifications of the dispersion relations.
This equation clearly shows that important modifications in the late-time radiation
should be expected, first, due to the existence of the critical frequency ωc0 and the finite upper boundary it induces in the integration, and second, due to the frequencydependence of κω 0 . We integrated eq. (7.4.28) numerically, and plotted the resulting
spectrum, thereby confirming these expectations.
We have seen that the standard Hawking spectrum is recovered only in a very
particular case: in the limit when the critical frequency goes to infinity (i.e., when the
profile for the velocity |v| goes to a singularity) and moreover the surface gravity κω 0
is constant (linear velocity profiles of the type of Fig. 7.1). For lower critical frequencies, as long as κ remains constant, the Planckian form of the Hawking spectrum
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is roughly maintained and the peak remains at the same frequency, but the peak
intensity decreases rapidly with decreasing ωc0 . A non-negligible radiation persists,
however, even for extremely low critical frequencies. This clearly establishes the
first point, namely the importance of the critical frequency ωc0 , which illustrates the
statement made in the introduction that with superluminal dispersion relations, the
interior of the black hole is probed and significantly affects the Hawking process.
For a Schwarzschild collapse, the velocity profile generally leads to a frequencydependent surface gravity κω 0 , increasing with the frequency ω 0 . This means that
the standard Hawking result cannot be recovered for a Schwarzschild black hole
with superluminal dispersion relations, even when the velocity profile has a singularity. Actually, when the velocity profile has a limiting value, the same quantitative
decrease of the Hawking part of the spectrum as before shows up. Moreover, if
the critical frequency ωc0 is above the Lorentz violation scale, a drastic qualitative
change of the radiation spectrum takes place, and for sufficiently high ωc0 (roughly a
few times the Lorentz violation scale) the high-frequency part of the spectrum even
becomes dominant. This shows the importance of the surface gravity, which again
illustrates the role played by the interior of the black hole. We have indicated that
the critical frequency is likely to be related to the Planck scale, or its analogue (associated with the interatomic distance) in the case of BECs. Observational limits on EL
from cosmology (namely, EL  EPl , see chapter 6) then suggest that astrophysical
black holes would not suffer such strong ultraviolet (UV) contributions. However,
this does not mean that the Hawking radiation is intrinsically robust to them. Since
for BECs, the relation between EL and EPl is precisely the opposite (EPl  EL ), the
phononic radiation from a collapsing experiment in a BEC could in principle show
such important UV contributions.
Finally, we have also seen that, as a corollary of the existence of a critical frequency and of the finite upper boundary induced by it in the thermal response function, the radiation spectrum of the collapse dies off as time advances. This effect can
be understood by the fact that frequencies are exponentially redshifted when moving away from the black hole. Therefore, when tracing back the outgoing radiation
at a time u to the original frequencies that created it, these original frequencies increase exponentially with u. Inevitably, as soon as this tracing-back process reaches
the critical frequency, the radiation is effectively switched off. This cut-off effect has
long been understood to be one of the crucial aspects of the transplanckian problem
related to Hawking radiation. Here, however, the cut-off is not imposed by hand to
solve the transplanckian problem, but appears naturally because of the superluminal dispersion.
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A few observations might be useful to connect our work with existing results on
Hawking radiation and its sensitivity to modified dispersion relations. The most
general observation is that the ‘robustness’ of Hawking radiation, which is often
considered to be a well-established result, actually depends crucially on a series of
assumptions, usually imposed at or near the horizon. Such assumptions might be
reasonable in the case of subluminal dispersion relations. But for the case of superluminal dispersion relations in a collapse scenario, as we have shown explicitly,
the assumptions needed to reproduce the standard Hawking result depend on the
physics inside the (zero-frequency) horizon, and moreover in a way which is not
compatible with the Schwarzschild geometry.
In particular, in [41], it was shown for a stationary scenario that Hawking radiation is robust with respect to superluminal modifications of the dispersion relations, provided that positive free fall frequency modes were in their ground state
just before crossing the horizon. However, it was also admitted that it is not clear
whether this is the physically correct quantum state condition. In [116], three explicit
assumptions were given for the previous condition to hold: freely falling frame,
ground state and adiabatic evolution. In slightly more detail:
1. If the Lorentz symmetry is violated in such a way that there is a preferred
reference frame, then this should be the freely falling frame (and not the rest
frame of the black hole, for example).
2. High-frequency excitations must start off in their ground state (with respect to
the freely falling frame) before leaving the region infinitesimally close to the
horizon on their way out.
3. The dynamics of all internal degrees of freedom should evolve much faster
than any external time dependence, such that no high-frequency modes are
excited by these external variations.
In the same paper [116], it is similarly pointed out that these assumptions might fail
for a superluminal dispersion relation, since (as we also mentioned in the introduction) for high-frequency modes this implies that one needs to make an assumption
about the physics at the singularity.
Rather than imposing any conditions on the state near the horizon, and hence
ultimately at the singularity, we have fixed the initial geometry to be Minkowskian
and the quantum field to be in the natural associated vacuum state, and evolved
this into a black hole configuration. Since our results are seemingly in contradiction
with the ones obtained in [41] and [116], it is worth examining in which sense the
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conditions stated by those authors are violated in our approach. If one considers
a collapse scenario, for example of a BEC, in a laboratory setting, then it is quite
natural to assume that the ‘freely falling frame’ condition will be violated. Indeed,
the superluminal modification is in this case associated with the existence of a privileged external reference frame: the black hole rest frame or lab frame (as we noted in
sec. 7.4.1), and not the freely falling frame, as assumed in [116]. Note that this violation of the free-fall frame condition automatically implies a violation of the ground
state condition in the sense in which this condition is formulated in [116], namely as
the ground state “with respect to the freely falling frame”.
Our results then suggest the following picture. The low-energy modes experience the classical geometry, are therefore dragged along in the free-falling frame
and so at the horizon they occupy the vacuum state associated with this free-falling
frame, namely the Unruh vacuum. Hence they contribute to the black hole radiation in the traditional Hawking way. However, the ultra-high-frequency modes
(above the critical frequency) do not see the horizon. Hence they do not couple to
the classical geometry of the collapse, but rather remain connected to the external or
laboratory frame, and therefore pass through the black hole (nearly) undisturbed.
The ground state of these high-frequency modes is then not the vacuum associated
with the freely falling frame, but the Boulware vacuum associated with the original Minkowski geometry, or in other words, with the stationary reference frame
of the lab. So these frequencies above the critical frequency do not contribute to
the thermal output spectrum. The overall radiation is a convolution of the contributions from all the different initial frequencies, where the surface gravity for each
frequency can be interpreted as leading to an effective weighting factor. Depending
on the internal physics of the black hole, this leads to either a spectrum of the traditional Hawking form but with a reduced intensity (in the case of a constant surface
gravity), or a modified spectrum where the high-frequency contributions dominate
(as for a Schwarzschild profile, provided that the critical frequency lies sufficiently
above the Lorentz violation scale).
In any case, what our analysis shows with respect to the situation treated in [41]
and [116] is the following. The robustness of Hawking radiation discussed by those
authors is the robustness with respect to a superluminal modification under the
precise conditions occurring in the standard case, in which all modes occupy the
ground state associated with the free-falling frame just before crossing the horizon.
This assumption implies a stationary configuration in which all modes, regardless
of their frequency, occupy the Unruh vacuum. Our analysis precisely shows that
the superluminality can lead to a spontaneous breaking of these conditions. The
natural evolution of a collapsing configuration is such that the frequencies above the
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critical frequency ωc0 are not in the Unruh vacuum associated with the freely falling
frame, but remain in the Boulware vacuum associated with the initial asymptotic
Minkowski condition. It should then come as no surprise that this can indeed have
an important impact on the resulting radiation spectrum.
An additional remark, already mentioned at the beginning of this section, is that
we have only considered the evolution of the two Minkowskian degrees of freedom,
whereas [41; 116] deal with stationary configurations, and hence with a higher number of degrees of freedom. It would certainly be interesting to see if it is possible to
connect both situations in a consistent way. This would require the description of
a possible transition from two to three degrees of freedom, which is not within the
direct scope of the formalism that we have used, since this is essentially based on a
ray-tracing method, see section 7.4.4. Our approach would obviously not be valid in
the case of a stationary black hole configuration, since there the rays would simply
break down at the horizon. Here, however, we have traced the rays that escape just
before the formation of the horizon, and therefore reach the asymptotic infinity without ever having encountered a turning point that would signal such a breakdown.
We therefore emphasise that our calculation considers exactly the same mechanism
that produces Hawking radiation in the standard (Lorentz-invariant) collapse case.
Our approach is therefore conservative in the sense that we have studied how
the standard mechanism is deformed in the case of superluminal dispersion. The
results that we have obtained are analytical. Indeed, although we have illustrated
our main points graphically through numerical integration, the qualitative content
of our results was obtained by inspection of formula (7.4.28) (or (7.4.27)). The fact
that we have limited ourselves to study the Minkowskian degrees of freedom, or
in other words: that we have used a ray-tracing method, means that our method is
also approximative, since we have not taken into account the possible transition to a
higher number of degrees of freedom.
Our result should therefore be understood in a dual sense.
First, we have established that the standard mechanism of Hawking radiation
in a collapse scenario is generally not robust under superluminal dispersion. Moreover, the equivalence between collapsing and stationary black holes (at least, in the
straightforward extension from the standard case) is no longer valid in general, since
the Unruh state is not necessarily the natural end-state of the gravitational collapse
process.
Second, it would be extremely interesting to see to what extent it is possible to
go beyond the approximation that we have used, and see to what extent all degrees
of freedom can be treated in a consistent way. In this sense, our work will hopefully
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stimulate further investigation of these issues.
A final observation concerns the recent article [35], in which the authors numerically simulate the creation of an acoustic horizon in a BEC, and analyse the
production of correlated pairs of phonons through the so-called truncated Wigner
method. Our findings for the case of a constant surface gravity seem to be in qualitative disagreement with the discussion presented in [35], since the authors of this
paper assert having observed a stationary Hawking flux. The source of this apparent discrepancy might reside in the fact that the correlation function which they
study is normalised, and therefore probes the form of the spectrum (which we also
find stationary with time), but does not provide details about the net amount of particle production. Alternatively, it could be that the numerical method used in [35]
automatically includes the creation of an additional, ‘non-Minkowskian’ degree of
freedom. In that case, it would be extremely interesting to see whether we can understand the exact physical mechanism that compensates for the decrease in the
radiation coming only from the Minkowskian ones, such as in our analysis. A last
remark is the following. If an experiment is realised in which the analogue Hawking radiation in a BEC can indeed be detected, for example along the lines suggested
in [35], this would certainly be a major advance (as well as a tremendous source of
publicity). Additionally, it might help us to gain further insight into the (so far
theoretical) discussion about the importance of the additional modes, possible ultraviolet contributions and so forth.

Chapter 8
Emergent gravity from condensed
matter models
8.1

Introduction

The various case studies that we presented so far were either derived from or at least
inspired by the gravitational analogy in condensed matter systems, and in BECs in
particular. To interpret these case studies as quantum gravity phenomenology, as
we did, assumes that Lorentz invariance will turn out to be broken by quantum
gravity in a way which can, in a first approximation, be modelled by a superluminal modification of the relativistic dispersion relations at high energies. In this final
chapter, we will partly address the question of how seriously the condensed matter analogy can or should be taken, and indicate some conceptual issues related to
the construction of a model for emergent gravity based on the condensed matter
analogy.
A naive but nevertheless crucial observation in this respect is the following [131].
The fundamental ‘quantum gravity’ theory is generally assumed to have the Planck
level as its characteristic scale. Expressed as a temperature, this Planck level lies at
approximately 1032 K. On the other hand, almost all of the observable universe has
temperatures that barely exceed the cosmic background radiation temperature of a
few Kelvins. Even the interior of a star such as the sun is more than 20 orders of
magnitude colder than the Planck temperature, while the highest energies that are
planned to be produced at the Large Hadron Collider are still roughly 15 orders of
magnitude lower than the Planck scale. So the degrees of freedom of quantum gravity, independently of their fundamental structure, are probably effectively frozen out
in most of our universe, just like in a condensed matter system in a low-temperature
109
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laboratory. The physics that we observe might then well be due to collective excitations that result from the—comparatively tiny—thermal (or other) perturbations
of this vacuum. If this observation is indeed relevant for quantum gravity, then one
crucial consequence would be the following. In a condensed matter system, there is
no direct quantisation path from the perturbations or ‘effective’ degrees of freedom
(the phonons and quasi-particles) to the ‘fundamental’ degrees of freedom: the condensed matter atoms. Likewise, a basic tenet of emergent gravity is that there might
not be any direct path such as a quantisation procedure from the effective degrees
of freedom of classical gravity to the fundamental ones of quantum gravity.
Moreover, it is important to realise that many of the low-temperature effects that
occur in condensed matter systems are not specific to one or another type of atoms
or molecules, but are generic to a wide range of similar systems, e.g., bosonic systems in the weakly interacting regime, or fermionic systems within the same lowtemperature topology class in momentum space [128] (of which the Fermi-point
topology seems to be the most relevant for our universe [124], and is highly robust with respect to fluctuations in the microscopic structure), in combination with
some general features such as the relation between the characteristic scales (the interatomic distance and the scattering length, for example). From this point of view,
knowledge of the relations between the characteristic scales such as the Planck scale
and the Lorentz symmetry violation scale might actually be more relevant to calculate the high-energy corrections to classical gravity than an exact description of the
fundamental, ‘quantum-gravitational’ degrees of freedom. In this sense, classical
gravity should perhaps be interpreted much as thermodynamics [98]: a set of rules
for the collective behaviour at low temperatures of some degrees of freedom whose
precise microscopic constitution can vary quite widely within a certain universality
class. It is in this sense that we use the term ‘emergent gravity’ here.
In the following, we will concentrate on one particular issue of this general idea
of emergent gravity from condensed matter models, namely diffeomorphism invariance. Indeed, one problem that immediately comes to mind from a relativistic
point of view with respect to the condensed matter models is that they are ‘background dependent’ in a trivial way: the metric description that emerges for the motion of the phonons depends on the collective behaviour of the condensed atoms.
In other words, the background is precisely determined by the condensed phase of
the condensate. However, in the context of loop quantum gravity, for example, it
has been argued that diffeomorphism invariance, understood as a requirement for
the non-existence of any prior geometry, is an essential feature of general relativity,
and should therefore also be an essential feature of quantum gravity [104; 109]. It
seems that the background dependence of condensed matter models obstructs the
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possibility of extending them to a diffeomorphism invariant model for gravity. We
will see how this issue can at least partly be resolved, and discuss its relation to the
problem of recovering the Einstein equations in models of emergent gravity.
First, though, although quite remote from the nucleus of this thesis, it is probably
worth briefly mentioning an important reason why condensed matter models have
attracted interest in the domain of quantum gravity, namely the accelerated expansion of the universe, which seems to require the existence of some form of repulsive
‘dark energy’.

8.2

Quantum gravity and dark energy

Quantum gravity is in the first place the endeavour to reconcile quantum mechanics
and the general theory of relativity. There are many arguments why such a unification is needed, see e.g. [32]. The bulk of these go along the line of consistency arguments, for example that intrinsically classical fields are incompatible with quantum
mechanics and could lead to violations of Heisenberg’s uncertainty principle. However, it is far from clear whether any such argument could have real empirical consequences, even in principle [33]. Another common argument is that general relativity
predicts singularities, not only in mathematically exotic cases but also in situations
of physical relevance such as black holes and initial ‘big bang’ singularities in cosmological models. It is then generally assumed that a quantum theory of gravity
will relieve this problem and avoid the occurrence of singularities. Nevertheless,
again, this argument is far from water-tight: first of all, it is not obvious that a quantum theory of gravity is really needed to cure the singularities of general relativity.
For instance, purely algebraic extensions of general relativity could solve the singularity problem without any need for a quantisation procedure [79]. Furthermore, it
could well be that gravity is intrinsically a non-quantum phenomenon [29], which
simply does not apply at the energy scales at which the singularities are predicted
to occur. The approach discussed in this thesis is close in spirit to other suggestions
that gravity should not be quantised, for example thermodynamic interpretations
of the Einstein equations [67; 100] or Sakharov’s induced gravity [106] (about which
we will have more to say in section 8.4).
Recently, it has become clear that, apart from the quest for a unification of general
relativity and quantum mechanics, there is at least one empirical issue of importance
related to (quantum) gravity: the accelerated expansion of the universe. This seems
to require the existence of some sort of repulsive energy, generically baptised ‘dark
energy’ [97]. It has been argued that the problem of dark energy indicates the need
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for a reassessment of the traditional paradigm of quantum gravity, for example in
the following way [99]. First, although there is a myriad of alternative approaches
to dark energy, the cosmological constant is in many ways the most sensible candidate, if only because none of the other approaches explains why the cosmological constant should be (approximately) zero, i.e., why the zero-point energy of the
quantum matter fields is not huge, as a naive calculation from quantum field theory
seems to indicate [132]. Second, the equations of motion for matter fields are invariant under a shift of the matter Lagrangian Lm by a constant. But the gravitational
sector is obviously not invariant under such a shift. In [99], it was concluded that
we need to rethink gravity in a way which can be described in terms of an effective
action which is explicitly invariant under a shift of the energy-momentum tensor
Tµν → Tµν + Λgµν . The condensed matter perspective offers a related point of view,
which shows that the original intuition that dark energy or the cosmological constant is simply the zero-point energy of all the quantum fields, i.e., the energy of the
quantum vacuum, might prove to be right after all. The essence of the argument is
the following [125–127].
The value of the quantum vacuum energy in a condensed matter system in equilibrium is regulated by macroscopic thermodynamic principles. The vacuum energy density evac = Evac /V of a quantum many-body system is obtained from the
expectation value of the corresponding Hamiltonian which describes the effective
low-temperature quantum field theory in second quantisation: ĤQFT = Ĥ − µ N̂.
Here, Ĥ is a Hamiltonian of the form (2.2.2), N̂ is the atom number operator and the
chemical potential µ can be understood as a Lagrange multiplier which accounts
for the conservation of the number of atoms.1 So evac = h Ĥ − µ N̂ ivac /V. The
equation of state relating the energy density and the pressure of the vacuum of a
quantum many-body system can then be obtained through the Gibbs-Duhem equation E − µN − TS = − pV, which for a pure vacuum state (T = 0) gives simply
evac = − pvac . This equation of state corresponds to a cosmological constant.
It seems reasonable to require that the universe should be describable as an isolated system, i.e., without recurring to any external quantities such as an external
pressure pext . This suggests the analogy with a liquid-like system, since liquids can
be in a self-sustained equilibrium without external pressure. If pext = 0, then for
a liquid-like pure vacuum state in equilibrium, also pvac = 0. The natural value
1 If

the relativistic quantum field theories of the standard model of particles can indeed be interpreted as effective theories in a similar way, then the equivalent to this condition would of course
not be a conservation of particle number, since the particles of the standard model correspond to the
quasiparticles of the condensed matter analogy, but would rather be related to the number of microscopic degrees of freedom of spacetime.
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for evac at T = 0 in such a system in equilibrium is then evac = 0. In other words,
according to this argument, a pure vacuum state in equilibrium in the absence of
external pressure is non-gravitating. At T 6= 0, thermal fluctuations lead to quasiparticle excitations, and hence to a matter pressure p M . In the absence of external
pressure, this matter pressure is compensated by a non-zero vacuum pressure in
order to restore the equilibrium: pvac + p M = 0. The vacuum energy therefore naturally evolves towards the value evac = p M in equilibrium [19], and thereby becomes
gravitating. The system automatically adjusts itself to obey the macroscopic thermodynamic rules, and there is no need to know the precise microscopic constitution of
the system to calculate the macroscopic quantities.
From such a condensed-matter point of view, the cosmological constant mystery
becomes a lot less unsurmountable: from having to explain why the cosmological
constant is more than a hundred orders of magnitude smaller than the value based
on a naive zero-point energy calculation [132], it is reduced to having to explain
why it is slightly bigger than the equilibrium value which would exactly cancel the
total (baryonic + dark) matter contribution: ΩΛ ≈ 0.7 versus Ω M ≈ 0.3 [97] in terms
of density parameters Ωi = ρi /ρc , with ρc the critical density for a flat universe
(which seems to correspond very closely to the actual density of our universe). So,
the condensed matter approach offers a qualitative framework to understand dark
energy, at least in terms of the coincidence problem (why ΩΛ ∼ Ω M ) and the cosmological constant problem (why the zero-point energy of the vacuum is not huge).
Whether it also allows to extract a concrete quantitative prescription for the evolution
of dark energy is an open problem, to which a possible first step has been described
in [74; 75].
We now turn to the main subject of this chapter: diffeomorphism invariance in
emergent-gravity models.

8.3

Diffeomorphism invariance: kinematical versus
dynamical aspects

One of the important lessons from analogue gravity is to remind us of the fact that
general relativity can be split up into kinematical and dynamical aspects. The kinematical aspects of general relativity are encoded in the curved Lorentzian spacetime, i.e., a manifold with a metric signature (−, +, +, +). The dynamical aspect of
general relativity is essentially the interplay between this curved geometry and the
matter distribution through the Einstein equations (“Geometry tells matter how to
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move, and matter tells geometry how to curve” [90]). The crucial lesson from analogue gravity in this respect is that the emergence of a curved Lorentzian spacetime
occurs naturally in a wide variety of systems, in particular in several types of condensed matter systems, i.e., when a many-body system is sufficiently cooled. So the
curved Lorentzian aspect of general relativity is in a certain sense ‘natural’. However, it seems that what really makes our universe very different from the effective
spacetimes that are obtained in analogue models are the Einstein equations. No real
laboratory system (condensed matter or other) reproduces the Einstein equations.
One of the main objectives of the emergent-gravity programme (or ‘paradigm’, to
use the Kuhnian terminology [77]), is precisely to elucidate the origin and the naturalness of the Einstein equations.
When discussing background independence and diffeomorphism invariance, a
similar distinction between kinematical and dynamical aspects can be made. Technically speaking, diffeomorphism invariance is the requirement that the laws of
physics should be formally invariant under transformations defined by a diffeomorphism, i.e., an invertible bijective and smooth function f with smooth inverse
f −1 defined on two differentiable manifolds. Diffeomorphism invariance (or general
invariance, which should not be confused with general covariance)2 is understood by
most contemporary relativists as an essential feature of general relativity. This is
why quantum gravity programmes such as loop quantum gravity and related spin
foam approaches have developed a canonical quantisation scheme for general relativity which is diffeomorphism invariant by construction [6; 105]. Diffeomorphism
invariance encompasses the requirement that the laws of physics as experienced by
an internal observer should not depend in any way on external or predefined structures. In particular, the lesson from general relativity is understood to be that there
should be no prior geometry, i.e., that the geometry is fully defined by the matter
distribution.
How the terms internal observer and external structure in the previous description should be interpreted in the framework of the condensed matter model will
become clear in the remainder of this chapter. But there is already an important
point to be made here. If analogue gravity has reminded us that general relativity
2 General

covariance simply means that the laws of physics must transform properly under arbitrary coordinate transformations, which is essentially equivalent to the (physically irrelevant) requirement that they can be written in tensorial form. General or diffeomorphism invariance means
that the laws of physics should be invariant, i.e.: not transform at all, under arbitrary coordinate
transformations. See, e.g., [134] for a discussion. Of course, terminology should not become sacrosanct. However, at least historically, the confusion between both principles has been more than just
a linguistic issue [94].
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encompasses two different aspects, kinematical and dynamical ones, then perhaps
the same distinction should be made when discussing diffeomorphism invariance.
Indeed, it is in principle perfectly possible to have a system in which part of the
physical laws—in particular, the equations of motion governed by the geometry
(taken as instantaneous or stationary)—are diffeomorphism invariant, whereas another part—the dynamics that governs the evolution of this geometry—is not. We
will therefore discuss diffeomorphism invariance in condensed matter systems at
these two levels: the kinematical level and the dynamical level.

8.4

Diffeomorphism invariance at the kinematical level

In general relativity, given a particular geometry, there are many metrics that correspond to this geometry. One could formalise this by saying that the geometry
is defined by [ gµν ], the equivalence class of all diffeomorphism equivalent metrics.
The question with respect to condensed matter models is then whether the effective
spacetimes that are obtained are really described by geometries in the sense just defined, rather than by individual metrics that are distinguishable due to the presence
of the background structure.
To reformulate the question in terms of background (in)dependence, remember
that in condensed matter models, we are dealing with bi-metric systems. The atoms
of the condensate can be thought of as obeying the Newtonian laws of physics, and
in particular Galilean relativity, since v  clight for the velocity v of the condensed
matter fluid. The excitations inside the condensed matter systems, on the other
hand, see a relativistic geometry. This relativistic geometry is in a certain sense
embedded in the laboratory frame, which provides a fixed background, and hence
a privileged coordinate system. Then, if background independence is apparently
violated, how could such a setup lead to a diffeomorphism invariant theory?
A naive answer to these questions is the following. An observer inside, for example, a submarine could perform an ‘acoustic’ experiment of the Michelson-Morley
type [88] in the water surrounding him to find out whether the submarine is at rest
or moving with respect to the water. An acoustic signal should here be interpreted
as any signal in the form of a relativistic massless field perturbation, moving at the
speed of sound cs (rather than the speed of light clight ).3 Then, in the simplest form
of the Michelson-Morley experiment,4 the observer would take an interferometer
3 In

this section, we will explicitly differentiate the speed of sound cs and the speed of light clight
in order to avoid any possible confusion.
4 Modern versions such as [91] are of course technically much more refined than the original
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with two perpendicular arms of length L and send acoustic signals along the arms.
Mirrors at the end of the interferometer arms would reflect the signals back to a common point, where the observer looks at the interference pattern. If the interference
fringes move when the interferometer is rotated, then the velocity of the submarine
is not equal along the directions of both arms, and hence the observer concludes
that the submarine moves with respect to the ‘absolute’ reference frame provided
by the water. So, the observer can determine his state of movement with respect
to the water, and diffeomorphism invariance is broken by the privileged reference
frame provided by the background fluid.
However, the previous argument is not a satisfactory answer to the problem that
we are discussing in the context of condensed matter models. The reason lies essentially in the characteristics of the observer, and of the building blocks available for
him to carry out his experiment. To refine the answer, we need to go back to the concept of a bi-metric theory. The exterior world is the world of the laboratory, and of its
Newtonian physics, where the basic building blocks are the condensate atoms and
their microscopic physics. The interior world consists of everything that can be described in terms of collective excitations (phonons, quasi-particles) emerging inside
the condensed matter system. An internal observer is then somebody who is limited
to the observation of the interior world, and hence to the manipulation of these collective excitations emerging inside the condensed matter system. If the observer in
the submarine is really an internal observer in a condensed matter world, the building blocks available for him to build an interferometer would necessarily have to be
made out of these same collective excitations emerging inside the condensed matter
system. The fundamental signalling velocity of those building blocks is the speed of
sound cs of the fluid system rather than the speed of light clight of the laboratory.
Let us work out this idea and rebuild the Michelson-Morley experiment from
scratch for an internal observer inside a condensed matter system (see [21] for more
details). We will take the simplest case of a homogeneous medium at rest in the
laboratory frame. The associated internal or effective metric is then Minkowskian.
The internal observer tries to build a ‘quasi-interferometer’ from quasi-particles and
wants to obtain arms that are as rigid as possible.
When Einstein introduced special relativity [48], he postulated rigid bars (and
perfect clocks) without further ado, although he has later repeatedly declared his
dissatisfaction with the aprioriness of this assumption [31]. Let us see what kind of
structures an internal observer such as the one we are contemplating would have to
Michelson-Morley experiment, but the argument given here is unaffected by the concrete implementation.
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look for, when trying to construct rigid bars for his experiment.
Phenomenologically speaking, we know that rigid structures get their rigidity
from the fact that their constituents are arranged in a regular and stable way. In particular, the equilibrium distance a0 between two constituents (atoms, for example)
is determined by a minimum in the interaction energy E( a) between both atoms:
dE
= 0 =⇒ E0 , a0 .
da

(8.4.1)

Rigidity assumes a sharp minimum at a0 in the E( a) function, such that a small
deviation δa from the equilibrium distance a0 would lead to a large energetic disadvantage ∆E. Generally speaking, this corresponds to the requirement that the
interatomic potential must be, for example, of the Lennard-Jones type. Such potentials are typically realised in nature by the dipolar interaction between globally
neutral objects composed of charged substructures. At large distances a  a0 , the
forces between the objects will be approximately zero. When they are brought closer
together, but still a > a0 , opposite charges will rearrange themselves and the two
objects will attract each other, with a force which becomes stronger as a decreases.
However, if the objects are forced to a separation a < a0 , then the charges will redistribute and due to the repulsion between like charges, a strong repellent force
between the objects will come into play.
Note that we are using the term ‘charge’ here in a generalised way. Any charge
with the characteristics just described serves our purpose. In particular, in 3 HeA, chiral fermionic quasiparticles arise at low temperature together with an effective electromagnetic field Aµ [124]. This effective theory is described by a U (1)
charge symmetry identical to the one of quantum electrodynamics, but with massless fermions. This effective, ‘quasi-electrical’ charge is a perfect example of what
we have in mind.
Since the observer wants to keep the bars at rest within the system, we furthermore assume that he has massive charged quasi-particles at his disposal. This
mass could for example originate in multi-component condensed matter systems
(see [120] for the case of a two-component BEC), in quasiparticles with an intrinsic
internal structure (e.g., a small pipe through which the background fluid is pumped [89]),
or from a symmetry-breaking mechanism like the Brout-Englert-Higgs mechanism [50;
63] which is generally assumed to provide mass to the particles of the standard
model.5
5 It

is perhaps useful to point out that the idea for the Brout-Englert-Higgs mechanism is an excellent example of a condensed matter analogy applied in high-energy physics, since it was inspired
precisely by the effective mass acquisition process in superconductors [4; 92].
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So assume charged massive ‘elementary quasi-particles’ are available to the internal observer, which he can use as building blocks to compose globally neutral
constituents. Also, assume that these quasi-particles interact through the use of
photon-like signals moving at a velocity cs , which can be described as relativistic
collective excitations corresponding to an effective field Aµ , as in the case of 3 HeA mentioned before. Furthermore, we assume that if there are different types of
elementary quasi-particles, they all interact with signals propagating at the same velocity cs . This condition is related to the principle of equivalence in general relativity,
and can easily be fulfilled if one assumes (as in the BEC model discussed previously
throughout this thesis) that the velocity of these wave signals is determined by the
properties of the background condensate, and not by the intrinsic properties of the
signals themselves.
One might argue that we of course know that all these conditions are satisfied,
since what we here call the quasi-particles created by the hypothetical microscopic
condensed-matter-like system are precisely what we, as internal observers of our
universe, perceive as the ‘real’ particles of the standard model, and hence their conglomerates interact through electromagnetic signals. The point is that any type of
interaction with any type of charge and any type of mass-acquisition process would
do, as long as there is a constant signalling speed (or at least an invariant limiting speed) and a Lennard-Jones type of potential. Hence the construction that the
internal observer in the condensed-matter system adopts to build rigid bars will
inevitably lead to equations of exactly the same form as those that we know from
classical electrodynamics, as we will now illustrate.
Let us first consider a single massive quasi-particle with a charge q, acting as a
source for the relativistic field Aµ . This field will then necessarily obey the following
equations:

Aµ − ∂µ (∂ν Aν ) = jµ ;
jµ =



−qδ3 [x − x(t)], q(v/c

s

(8.4.2)

)δ3 [x − x(t)]

.

(8.4.3)

For a source at rest, and taking the Lorenz gauge (∂µ Aµ = 0), the solution is

A0 = −

[( x − x0

)2

q
;
+ (y − y0 )2 + (z − z0 )2 ]1/2

Ai = 0 .

(8.4.4)

Now assume that the source moves at a velocity v, for example in the x direction.
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Then, because of the finite speed of signal propagation cs , the solution becomes
qγs
;
[(γs ( x − vt) − γs x0 )2 + (y − y0 )2 + (z − z0 )2 ]1/2
qγs (v/cs )
Ax (x) =
;
[(γs ( x − vt) − γs x0 )2 + (y − y0 )2 + (z − z0 )2 ]1/2
Ay ( x ) = Az ( x ) = 0 .
A0 ( x ) = −

(8.4.5)

From this solution, we see that the fields decay faster in the x direction than in the
orthogonal y and z directions. The ratio between both decays is given by an acoustic
or sonic Lorentz factor
γs = (1 − v2 /c2s )−1/2 .

(8.4.6)

Since the internal observer is building an interferometer arm, he will need to add
more quasi-particles. If a single quasi-particle acquires a γs factor in its direction of
movement, then two particles in movement, aligned along the direction of movement, will experience a modified interaction energy potential given by E0 ( a) =
E(γs a), where the prime denotes quantities in the co-moving reference frame. As
before, the equilibrium distance is given by the minimum of this potential:
0=

dE0 ( a)
=⇒ E00 , a00 .
da

(8.4.7)

We obtain
0=

dE0 ( a)
dE( a0 )
= γs
;
da
da0

a 0 = γs a ,

(8.4.8)

which shows that the minimum now occurs when a0 = a0 , i.e., when a = γs−1 a0 . So
the ‘real’ distance (in the sense of the distance measured in the absolute reference
frame provided by the laboratory) between the two quasi-atoms has decreased by
an acoustic Lorentz factor γs due to their velocity with respect to the medium.
This factor γs is precisely the length contraction (the contraction of an interferometer arm oriented in the direction of motion) needed for the interference pattern
to remain unaffected by a uniform motion. The conclusion is then the following. A
Michelson-Morley type of experiment using a quasi-interferometer does not allow
internal observers to distinguish between rest and (uniform) movement with respect
to the condensed matter medium (remarks to this effect were also made in [81; 124]).
We have explicitly worked out the case of a homogeneous condensate, in which
the internal geometry is Minkowskian. But the essence of the argument is the same
for more complicated situations: the internal observer has no way of connecting to
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the microscopic external world, at least not using only internal geometrical tools.
Therefore, from an internal point of view, there is no way of connecting to the background structure and discriminating between the various metrics that describe the
same given geometry. In other words: diffeomorphism invariance is effectively realised at the kinematical level.
Note that we have assumed that the wave perturbations propagate at the constant speed of sound cs . As we have seen in the case of BECs, high-frequency perturbations might acquire frequency-dependent speeds of propagation, which incorporate sub- or supersonic corrections with respect to the (low-frequency) speed of
sound cs . Therefore, diffeomorphism invariance at the kinematical level is respected
to the same order at which Lorentz invariance is, but can be croken at high frequencies. In this sense, diffeomorphism invariance might be ‘emergent’, at least at the
kinematical level, in the sense of being valid at the effective or internal level, but not
necessarily at the fundamental level, i.e., in the external world. To put it differently:
if local Lorentz invariance is a low-energy effective symmetry, violated at some high
energy, then the same is true for diffeomorphism invariance at the kinematical level.

8.5

Diffeomorphism invariance at the dynamical level

In the previous section we discussed diffeomorphism invariance at the kinematical
level. This requirement implies that the internal phenomena or observers cannot see
the external degrees of freedom, but only the internal geometry. We argued that this
requirement is fulfilled in condensed matter models for emergent gravity. Similarly,
diffeomorphism invariance at the dynamical level can be understood as the requirement that the dynamical equations for the geometry only depend on the internal
degrees of freedom, and not on any external or pre-existing degrees of freedom.
The simplest dynamical equations that are diffeomorphism invariant and describe gravity in a way which agrees with observation are the Einstein equations [136].
The dynamical equations obeyed by the geometries of condensed matter systems are
not diffeomorphism invariant, they are hydrodynamical. For example, in the case
of BECs, the Gross–Pitaevskii equation depends on external or microscopic degrees
of freedom such as the interatomic potential and the scattering length.
More in general, since it is a key requirement of quantum gravity to reproduce
the Einstein equations in some adequate limit, it is essential within the condensed
matter approach for emergent gravity to understand how the Einstein equations
could be recovered, and if this is not possible, to at least understand why. This
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is largely an open problem, although some promising steps have been taken, see
e.g. [129]. Here, we will limit ourselves to some basic remarks with respect to the
possibility of obtaining the Einstein equations based on an induction scheme à la
Sakharov. We emphasise that, from the point of view advocated here, the problem
of dynamical diffeomorphism invariance and the problem of recovering the Einstein
equations are essentially identical (up to higher-order curvature terms).
The basic idea behind Sakharov’s induced gravity proposal [106] can be understood as follows [26; 119]. It is well known that the classical Einstein equations
Gµν = κTµν (with κ = 8πG/c4 ) can be obtained via an extremal procedure from
an action
S = SΛ + SEH + Sm ,

(8.5.1)

where Λ is the cosmological constant, SEH the Einstein-Hilbert action and Sm the
action for the matter. In particular, in units such that h̄ = c = 1:
S=

Z

4

d x

p




R
− g −Λ −
+ Lm ,
16πG

(8.5.2)

with g the determinant of the metric, R the Ricci scalar and Lm the matter Lagrangian.
By analogy, one can seek a quantity W, called the effective action, such that minimising it with respect to the inverse metric gµν reproduces the semiclassical Einstein
equations
Gµν = κ h Tµν i ,

(8.5.3)

in which the gravitational field can be treated classically even though the matter
fields may be quantised.
Assume that a Lorentzian manifold with metric gµν is given, with quantum fields
propagating on it, but without any prior dynamics. Then, such an effective action
can indeed be constructed at one-loop order, based, e.g., on path-integral quantisation techniques [26]. For a scalar field with mass m, for example, this one-loop
effective action W1 can be written as [119]:




1
1
2
2
W1 = − ln det  + m + χR = − Tr ln  + m + χR ,
2
2

(8.5.4)

where χ represents the coupling between the scalar and the gravitational field.
One can isolate the potential high-frequency divergences in W1 by using a regularisation technique, for example the introduction of an explicit ultraviolet (UV)
cut-off αuv , and expanding this action in orders of the curvature. Comparing this
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to the generalised Lagrangian for Einstein gravity (including all allowed invariant
curvature-squared correction terms)


Z
p
R
µνρσ
2
4
+ K1 Cµνρσ C
+ K2 R + L m ,
(8.5.5)
S = d x − g −Λ −
16πG
where Cµνρσ is the Weyl curvature tensor, one sees that regularising the divergences
of the one-loop effective action W1 automatically induces a term which can be interpreted as the cosmological constant, one which provides the Newton constant, and
curvature-squared terms in both Cµνρσ C µνρσ and R2 . In particular, such a comparison leads to
Λ = Λ0 − ∑(−1) F f Λ (αuv , mi , gµν ) + ... ,

(8.5.6)

1
1
=
− ∑(−1) F f 1/G (αuv , mi , gµν ) + ... ,
G
G0
i

(8.5.7)

i

for the cosmological and gravitational ‘constants’ Λ and G, plus similar equations
for the second-order curvature terms [119]. In these equations, the subindex 0 refers
to an arbitrary reference metric g0 (for example, Minkowski), the summation is over
all particle types i, with the factor (−1) F indicating that a relative minus sign should
be added for fermions, and the ellipses represent non-UV-divergent terms.
Several strategies are possible on what to do with this result. Sakharov’s own
proposal [106] implicitly assumes dominance of the one-loop terms such that Λ0 and
1/G0 can be neglected in the above equations. Furthermore, he explicitly suggests
using the experimentally known value of G to estimate the ultraviolet cut-off αuv ,
and emphasises that the magnitude of the gravitational interaction depends on the
masses of the particles and their equations of motion (through the original metric).
An alternative strategy [119] would be to aim for one-loop finitess of Λ and G (and,
if possible, also of the second-order curvature terms), and use this requirement to
extract conditions on the particle families i. However, this turns out to produce
unrealistic constraints, certainly not satisfied by the standard model and its most
common extensions. This is mainly due to the fact that the obtention of a finite
Λ requires not only a compensation between the number of fermionic and bosonic
particle families, but also an incredible fine-tuning between their respective masses.
In any case, for our present purposes, the key point is that the Einstein equations
(plus possible higher-order curvature correction terms) can be obtained automatically from quantum field theory via an integration over the matter degrees of freedom. This idea seems very appealing in the present context, and agrees well with
the basic idea of gravity as a macroscopic emergent phenomenon.6 Moreover, given
6 Sakharov

himself talks of a “metrical elasticity” of space [106].
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the argument discussed in section 8.2 that the cosmological constant is regulated by
thermodynamical principles, the fine-tuning problem just mentioned with respect
to the one-loop finiteness of Λ would also automatically be solved.
However, let us repeat the assumptions stated above. We assumed a Lorentzian
manifold with metric gµν , irrespective of how this is obtained, but without any prior
dynamics. An Einstein-like dynamics is then spontaneously induced. In condensed
matter models, the condition of no-prior-dynamics is violated due to the presence of
hydrodynamics. An apparent way out would be to define an ‘abstract’ condensed
matter system without any prior dynamics. However, in the approach discussed
in this thesis, the effective Lorentzian spacetime is precisely obtained from the hydrodynamic equations (from the Gross–Pitaevskii equation in the case of BECs, or
more generally from the Euler and continuity equations, see chapter 2). Therefore,
a direct extension of the current setup does not seem to resolve the problem. One
would need to redefine a microscopic system from scratch, in such a way that the effective spacetime is obtained without needing to appeal to hydrodynamics, thereby
allowing the Einstein equations to be obtained through Sakharov’s mechanism.
For example, in [10; 11], it was shown that an effective Lorentzian spacetime
can be obtained quite generally from the linearisation of a first-order Lagrangian
L(φ, ∂µ φ) in terms of a single scalar field φ, and even from a wide class of secondorder hyperbolic partial differential equations, without recurring to any Euler or
continuity equation. A formal condition was also derived for the induced dynamics of the system to be ‘Einstein-like’. However, this formal condition seems to require some fine tuning of which it is not clear how it could be implemented physically, while there also arise serious technical complications when considering several fields [12]. Alternatively, the following reasoning might provide interesting
clues.
In the context of fermionic systems, it has been argued that an induction procedure in the spirit of Sakharov’s proposal can nevertheless be carried out, even in
hydrodynamic systems [124; 129; 130]. Moreover, it is argued that the resulting dynamics depends on the relation between the characteristic scales in the system. More
precisely, in some fermionic systems such as 3 He-A, apart from the Lorentz violation
scale EL , a second characteristic energy scale E∗ appears, which determines the scale
below which part of the fermions can form a bosonic condensate and the quasiparticles see an effective gravitational field. This energy scale E∗ can be interpreted as
(the analogue of) the Planck scale (E∗ ≡ EPl ) [23; 73]. As in the case of BECs (see
the brief discussion in chapter 6), these two scales EL and E∗ are in principle unrelated. According to the argument in [124; 129; 130], the dynamical laws for this
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gravitational field can be obtained by an induced-gravity procedure in the spirit of
Sakharov’s proposal.
In general, this will generate the Einstein equations plus non-diffeomorphisminvariant higher-order terms in powers of E∗ /EL . Since for all known real laboratory condensed matter systems, E∗  EL , these higher-order terms are actually
dominant and the dynamical equations satisfied by the laboratory geometries are
not diffeomorphism invariant, but hydrodynamical. If however E∗  EL , then the
induction procedure would produce the Einstein equations plus higher-order perturbative corrections in E∗ /EL .
Note that this argument is in line with the experimental constraints mentioned in
chapter 6, namely that extrapolations from recent cosmic ray and other high-energy
experiments show that there exist stringent bounds on the most commonly expected
types of Lorentz violation at the Planck level [68; 83], and hence, if Lorentz violations
occur at all, they probably occur at energies much higher than the Planck scale:
EL  EPl . This observation adds strength to the argument that we just sketched,
and reinforces the idea of treating gravity in an emergent framework. However, it
is probably fair to admit that we need a more detailed understanding of this line of
argumentation before any strong conclusions can be drawn from it with respect to
the naturalness of the emergence of the Einstein equations.
As a final note, the previous reasoning was defended in the context of systems
where the fundamental degrees of freedom are fermionic, leading to fermionic quasimatter and collective bosonic fields. However, an induction procedure such as
Sakharov’s can in principle also be carried out in a bosonic system. Whether the
Einstein equations can indeed be derived in a purely bosonic system is largely an
academic question, since the degrees of freedom of the effective matter would then
in principle also be purely bosonic, contrarily to the case of our universe. However,
in terms of the naturalness or universality of the Einstein equations, the question
might have some relevance. We do currently not have a clear view on this question.
On the one hand, the fact that our universe contains effective fermionic matter, and
that the Einstein equations—at least at the classical level—essentially depend on this
effective matter content for the interplay with the geometry, seems to indicate that
a system with only bosons at the fundamental level (and certainly a relatively simple system such as a BEC, let alone in the weakly interacting regimes that we have
discussed in this thesis) will not generate sufficient complexity to reproduce the Einstein equations.7 On the other hand, however, in the light of our above argument
7A

similar conclusion is reached by the authors of [59], who study a toy model based on a BEC
but with massive quasi-particles, and obtain that the analogue gravitational dynamics is encoded
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on the relation between the Einstein equations and diffeomorphism invariance, it
might be sufficient to define a sufficiently complex diffeomorphism invariant system, whether fermionic or bosonic, to obtain the Einstein equations.
In any case, although it is not clear if Bose–Einstein condensates are a relevant
model for the dynamical aspects of gravity, they certainly have a lot to teach us
about its kinematical aspects.

8.6

Summary

In this chapter, we have discussed some aspects of a model for emergent gravity
based on the condensed matter analogy. In such a model, classical gravity is thought
of as an effective property emerging at low energies from the collective behaviour
of a large number of microscopic constituents or ‘spacetime atoms’. The quantumgravitational degrees of freedom would then not be obtainable directly (for example,
through a quantisation procedure) from the classical degrees of freedom of gravity.
A first motivation for such an approach is the observation that most of our universe is extremely cold compared to the Planck scale, hence the quantum-gravitational
degrees of freedom are probably effectively frozen out in the physics that we observe. A second motivation comes from the accelerating expansion of our universe,
which seems to require some form of ‘dark energy’. We discussed the argument
that, from a condensed matter point of view, the quantum vacuum energy is really
the natural candidate for such a dark energy, and provides a framework to understand both the coincidence problem (why ΩΛ ∼ Ω M ) and the cosmological constant
problem (why the zero-point energy of the vacuum is not huge).
The main part of this chapter was dedicated to a discussion of diffeomorphism
invariance in emergent gravity. We argued that this issue should be split up into
a kinematical and a dynamical aspect. With respect to the kinematical aspect, we
showed that diffeomorphism invariance can emerge as a low-energy effective property at the same level as Lorentz invariance. We discussed how the dynamical asin the form of a modified Poisson equation. In [60], the same authors propose an alternative way to
obtain effective gravitational dynamics in an abstract toy model related in spirit to [10–12] mentioned
above. Interestingly, this model is based on a fundamentally Euclidean (and hence ‘timeless’) theory,
but nevertheless an effective Lorentzian signature is obtained for the perturbations. Although again
it seems that there is not a sufficient amount of complexity being generated to obtain the Einstein
equations, the effective dynamics is nevertheless explicitly diffeomorphism invariant. In particular
the gravitational dynamics is obtained in the form of a scalar theory of gravity, namely Nordström
gravity.
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pect of diffeomorphism invariance is related to the problem of recovering the Einstein equations in a model based on the condensed matter analogy. We made some
observations with respect to the possibility of achieving this through an induction
procedure such as Sakharov’s proposal. The essential problem, as we pointed out, is
that Sakharov’s procedure assumes the absence of any prior dynamics, whereas in
the condensed matter analogy, the hydrodynamical equations are essential to obtain
the emergence of an effective spacetime.
We mentioned statements in the literature, in the context of fermionic systems
such as 3 He-A, which argue that a procedure similar to Sakharov’s approach could
be used to calculate the effective gravitational dynamics, even in a hydrodynamic
system, and would lead to the Einstein equations plus higher-order correction terms,
provided that the Lorentz violation energy scale lies far above the (analogue) Planck
scale. There exists no known laboratory condensed matter system which fulfils this
requirement. However, it is not clear whether this is due to some fundamental reason, or whether it is precisely an illustration of the fact that quantum gravity can
be treated as a condensed-matter-like system, albeit—precisely for this relation between the characteristic scales—an exceptional one in comparison with laboratory
condensed matter systems.
Finally, we noted that such an induction procedure could in principle also be
applicable to bosonic systems, although it is not clear at present whether this would
be sufficient to recover the Einstein equations.

Chapter 9
General summary and outlook
We have discussed various aspects of the gravitational analogy in Bose–Einstein
condensates (BECs), and of how such an analogy can serve as a source of inspiration
in quantum gravity, both in terms of quantum gravity phenomenology and in an
attempt to understand some more conceptual issues related to quantum gravity.
We started with a review that led us from mean-field theory in BECs to the emergence of an effective acoustic metric for linear perturbations of the background condensate in the hydrodynamic limit. We studied the validity of this hydrodynamic
limit, and emphasised that it is violated at high frequencies and in the presence of
a horizon. In such cases, the effective geometric or relativistic description breaks
down, giving way to the underlying microscopic theory. This behaviour is similar
to what is expected in gravity, with the important difference that, in the case of BECs,
the underlying microscopic theory is well understood. Moreover low-temperature
experiments with, for example, dilute alkali gases are in accordance with the theoretical treatment of BECs to a high degree of accuracy. We also stressed that the
full dynamical aspect of general relativity (the Einstein equations) are not included
in the analogy, at least not in its direct application in BECs, a problem to which we
came back in the previous chapter.
A first, general and well-known conclusion is that some phenomena related to
black hole physics, such as Hawking radiation, can in principle be simulated in
BECs, both theoretically and experimentally. Several of the issues that we discussed
in this thesis directly affect Hawking radiation and its possible experimental realisation. Generally speaking, though, the original contribution of this thesis lies beyond
the basic observation of the possible simulation of black-hole related phenomena.
In particular, we focused on how the gravitational analogy in BECs can be extended
to study some aspects of quantum gravity, both in the sense of quantum gravity
127
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phenomenology and in terms of constructing a toy model for emergent gravity.
The crucial element in the theory of BECs that makes it relevant for the study of
quantum gravity phenomenology is the following. Beyond the hydrodynamic approximation, the first corrections to the relativistic description in a BEC are encoded
in the form of higher-order, superluminal modifications of the dispersion relation.
These superluminal corrections are associated with the existence of a privileged reference frame, and thereby lead to a breaking of the effective Lorentz symmetry. They
therefore form an excellent testbed for quantum gravity scenarios which consider a
similar possibility of high-energy violations of local Lorentz invariance, and in particular of those scenarios, for example based on effective field theory, where the first
modifications of the dispersion relation that are allowed by observations are of exactly the same kind as those that occur in a BEC.
Two possible strategies could then be developed. The first one consists in elaborating the gravitational analogy in a BEC, proposing a concrete configuration, and
studying some of its aspects inspired by relativistic phenomena of interest.
We applied this first strategy in the following way. We presented a simple (1+1)dimensional black hole configuration, and studied its dynamical stability based on
the full Gross–Pitaevskii equation (i.e., incorporating the superluminal corrections
to the dispersion relation). We found that such configurations are devoid of dynamical instabilities under rather generic boundary conditions inspired directly by those
used in the study of general relativistic black holes. This opened the way to study
their stable dynamical modes or quasinormal modes, and moreover confirmed that,
possible experimental complications apart, it should indeed be possible to reproduce the phononic analogue of Hawking radiation in a BEC.
With respect to the quasinormal modes of black hole configurations, we found
that in the particular (1+1)-dimensional setup that we studied, no quasinormal modes
could exist in the hydrodynamical limit. We remarked that in general relativity,
similarly, no quasinormal modes can exist in 1+1 dimensions, because of the conformally flat character of (1+1)-dimensional spacetimes in combination with the
conformal invariance of the d’Alembertian wave equation. In our BEC model, a
continuous spectrum of short-lived quasinormal modes was found to exist beyond
the hydrodynamical limit, i.e., when using the full dispersion relation. This result
is surprising in the sense that in general relativity, even in 3+1 dimensions, the
quasinormal modes form a discrete spectrum. We pointed out that the origin of
these quasinormal modes lies in the superluminal character of the dispersion relation, which leads to a permeability of the (zero-frequency) horizon. Ultimately,
this means that these quasinormal modes are characteristic of a relaxation at the
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microscopic level, which expresses itself in the form of lifetimes of the order of the
Lorentz violation scale (determined by the healing length, and hence ultimately by
the scattering length, in the case of BECs). We therefore speculated that a similar
continuous spectrum of short-lived ‘planckian’ quasinormal modes could show up
in the spectrum of gravitational black holes, if quantum gravity also turns out to
incorporate superluminal high-energy corrections.
A second strategy consists in directly modifying the physics that describes phenomena related to black holes in a way which incorporates superluminal corrections
at high energies. We applied this strategy to the Hawking radiation of a dynamically
collapsing configuration.
We stressed the fact that the superluminal dispersion causes the effective speed
of light to become frequency-dependent, and hence also the horizon to become a
frequency-dependent concept. In particular, the horizon for higher frequencies lies
inside the zero-frequency or classical horizon, and moves towards the singularity as
the frequency increases. As a corollary, several quantities associated with the horizon, such as the surface gravity, can also become frequency-dependent. Moreover,
the superluminal dispersion means that, at every moment of the collapse there is
a critical frequency such that higher frequencies simply do not experience a horizon. If the collapse saturates at some level—in other words: unless a singularity is
formed at the end of the collapse—then there also exists a global critical frequency.
We stressed the fact that the violation of Lorentz invariance, and in particular the superluminal character of the dispersion relation, implies that the usual equivalence
between a collapsing configuration and a stationary black-hole configuration (with
adequate initial conditions on the horizon) is no longer valid, at least not in a way
straightforwardly adapted from the Lorentz-invariant case. An easy way to see this
is that, because of the frequency-dependence of the horizon just mentioned, such a
construction would require imposing conditions arbitrarily close to the singularity.
Three important consequences distinguished the outcome of our model from the
standard (Lorentz-invariant) Hawking result. First, we saw that the existence of the
critical frequency makes the overall radiation weaker than the standard Hawking
spectrum. Second, the frequency-dependence of the surface gravity implies that
the radiation spectrum can also undergo a modification in its form. In particular,
if the Lorentz violation scale lies sufficiently above the critical frequency, important
ultraviolet contributions can show up which are associated with frequencies whose
effective horizon lies well inside the zero-frequency horizon (in other words: close
to the singularity). Finally, the radiation coming from the collapse process is not
stationary, but dies out with time.
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It is probably worth stressing that, in contrast to the extensive body of literature
on the transplanckian problem in stationary black holes, our work provides the first
calculation of the sensitivity of Hawking radiation to the influence of superluminal dispersion relations in a collapsing configuration. Moreover, the results that we
discussed were obtained analytically, i.e., we have used numerical integration to illustrate them, but they can qualitatively be derived from the analytical formula that
we obtained for the late-time radiation. This has necessarily involved some (physically motivated) approximations, in particular we have only traced the evolution
of the original (Minkowskian) degrees of freedom. It would certainly be interesting to see whether a consistent treatment can be given which takes into account the
possibility that the number of degrees of freedom abruptly increases during the collapse process, and how this would affect our results. One result that seems firmly
established, though, is that the equivalence between collapsing configurations and
stationary ones is no longer valid in the case of superluminal dispersion, at least not
in a form straightforwardly extended from the standard case. In any case, apart from
the intrinsic interest of our results, this should also be considered as an invitation to
further study the robustness of Hawking radiation in collapsing configurations.
In the final part of this thesis, we illustrated how the basic ideas of the condensedmatter analogy can be applied to study some more conceptual problems related to
quantum gravity. We gave several motivations for such an ‘emergent gravity’ approach, in which classical gravity is treated as a low-energy effective description
emerging from the collective behaviour of a large quantity of microscopic degrees
of freedom (‘spacetime atoms’). In particular, we mentioned two reasons to take
such an approach seriously: the ultra-cold temperatures in most of the universe
(compared to the Planck scale) and the accelerating expansion of the universe, i.e.,
dark energy.
We then discussed the question of diffeomorphism invariance in such a model
for emergent gravity based on the condensed matter analogy. We argued that, at the
kinematical level, diffeomorphism invariance is realised as a low-energy, effective
symmetry, in the same way as Lorentz invariance. The heart of our argument consisted in pointing out that an internal observer inside a condensed matter system,
confined to the manipulation of effectively relativistic acoustic signals and quasiparticles, would have no way to detect his absolute state of movement with respect
to the laboratory frame. In other words, at the kinematical level, the internal laws of
physics do not depend on any prior or external geometry, and so diffeomorphism
invariance is indeed realised at this level.
At the dynamical level, the problem is somewhat more complicated. We argued
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that the question of dynamical diffeomorphism invariance is essentially identical to
the problem of recovering the Einstein equations, and briefly discussed a possible
strategy, namely an induction procedure à la Sakharov. We pointed out that a crucial
element in this respect seems to be the relation between (the analogue of) the Planck
energy scale EPl and the Lorentz violation scale EL . The fact that condensed matter
systems do not reproduce the Einstein equations might simply be due to the fact
that all known real laboratory condensed matter systems have EPl  EL . It remains
to be seen whether a fundamental reason can be given for this relation.
The global conclusions of our thesis are then the following.
First, we have confirmed that there is no theoretical obstacle to the simulation of
Hawking radiation in a BEC. Indeed, dynamically stable black-hole configurations
are in principle possible.
Second, we have seen that the superluminal corrections to the dispersion relation can cause strong qualitative modifications to relativistic phenomena. In the
case of quasinormal modes, these modifications were quantitatively small. However, in the case of Hawking radiation in a collapsing configuration, we found that
the changes could be important both qualitatively and quantitatively. It is perhaps
worth pointing out that we avoided at all times to make assumptions about the general relativistic singularity in a gravitational black hole. Therefore, our results can
be interpreted as a consequence of the influence of microscopic corrections to the
horizon only, not to the singularity. In this sense, the conventional wisdom which
states that quantum gravitational effects near the horizon can in general (i.e., except
for extremely small black holes) only lead to small modifications with respect to
classical gravity—namely, modifications of the order of the Planck length divided
by the radius of the black hole—should be taken with some caution. Indeed, the
modifications that we have found are essentially applicable to black holes of any
size, provided that the dispersion relations acquire superluminal modifications at
high energies. There is no need to overthrow the common wisdom to interpret this
: the key issue is that superluminal modifications imply that there will always be
some high frequencies which experience the black hole as extremely small, thereby
introducing important corrections, while other, even higher frequencies simply see
no black hole at all.
Finally, a third global conclusion is that it seems very worthwhile exploring how
far the idea that classical gravity might emerge from the collective low-frequency
behaviour of some microscopic degrees of freedom, in a sense related to thermodynamics, can be taken, and perhaps even should be taken if we really want to understand some aspects related to quantum gravity.
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An outline for future work is tentatively the following.
First, several experimental condensed matter groups are showing an increasingly concrete interest in a possible experimental detection of Hawking radiation.
Such an experiment would, at least in a first instance, be based on a stationary configuration, or on an externally imposed evolution such that the final state is enforced
to resemble a stationary black hole. We can of course only be extremely enthusiastic
about the possibility of such an experimental confirmation. At the same time, however, we strongly feel that more effort is needed to understand the precise relation
between such stationary or externally enforced configurations and the dynamical
formation of a black hole through a collapse process, before extracting any general
conclusions from such an experiment about collapsing black holes, or before proclaiming the universal robustness of Hawking radiation. It might for example be
interesting to go beyond the particular model that we have studied and examine the
possible influence of superluminal dispersion on collapsing models that are closer
to what is expected for astrophysical black holes and/or that could be simulated in
a laboratory. As we mentioned before, the work presented in chapter 7, apart from
the intrinsic interest of the results obtained, should therefore be considered as an
onset and an invitation to further study these aspects.
Second, while important technical progress has been made in the traditional theoretical or ‘top-down’ approaches to quantum gravity, none of these currently make
any clear and definite predictions with respect to, for example, semiclassical corrections to general relativity. The approach to quantum gravity phenomenology that
we have applied in this thesis therefore seems particularly relevant in bridging the
gap between classical gravity and a possible ‘full’ theory of quantum gravity, since
it is based on a concrete and real physical example of how effective low-energy symmetries can be modified at high energies. It would, for example, be interesting to
see if any quantitative predictions can be made with respect to the modification of
the quasinormal mode spectrum due to possible superluminal corrections in an astrophysically realistic situation involving black holes.
Third and finally, and in our personal opinion perhaps most relevant, we believe
that several of the problems encountered in quantum gravity are not (or at least: not
only) of a technical kind, but are conceptual in origin. For example, none of the main
approaches to quantum gravity offers a satisfactory explanation for the accelerating
expansion of the universe. It therefore seems to us that there remains a lot to be
learned from the condensed matter analogy, and in particular from how it can guide
us in the construction of a model for emergent gravity. In this respect, the most
urgent point is perhaps to acquire a more detailed understanding of the possible
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emergence of the Einstein equations from the collective behaviour of microscopic
degrees of freedom.
As a final note, we have not explicitly defined what ‘the BEC paradigm for emergent gravity’ precisely consists in. Perhaps curiously, although the term ‘paradigm’
in the context of scientific practice was coined by Thomas Kuhn in The Structure of
Scientific Revolutions [77], he nowhere gives an explicit definition of it. Even more
curiously, in the second (1970) edition of the same book, Kuhn added a postscript
in which he sets out to clarify “the key difficulties (...) about the concept of a
paradigm”, but again fails to provide an explicit definition. The closest he arrives at
a definition is the following: “The term ‘paradigm’ is used in two different senses.
On the one hand, it stands for the entire constellation of beliefs, values, techniques,
and so on shared by the members of a given community. On the other, it denotes
one sort of element in that constellation, the concrete puzzle-solutions which, employed as models or examples, can replace explicit rules as a basis for the solution
of the remaining puzzles of normal sciences” ([77], 1970 edition, p.175).
It should then come as no surprise that, just like the concept of a paradigm itself,
the BEC paradigm for emergent gravity cannot be defined in a single, simple and
precise sentence, but is a general framework of which we have set out to illustrate
some of the most important aspects. However, the three points that we already mentioned in the introduction (possibility of experimental simulation, complementing
theoretical top-down approaches for quantum gravity with bottom-up approaches
rooted in ‘real’ physics, and finally: take the idea of emergent gravity seriously) and
repeated in our outline for future work perhaps give an appropriate summary for
the BEC paradigm, and by extension for the condensed matter paradigm for emergent gravity, while at the same time indicating that it is very much a paradigm under
construction. Then again, as the popular saying indicates, the road to success is always
under construction, and perhaps this is also valid for the road to quantum gravity.
As Karl Popper remarked, “Our knowledge can only be finite, while our ignorance must necessarily be infinite” [103].
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Chapter 10
Resumen en español
Estudiamos algunos aspectos de la fenomenología de la gravedad cuántica, inspirados por la analogía gravitatoria en condensados de Bose–Einstein (CBE). Primero,
repasamos las ideas básicas y el formalismo de la gravedad análoga en CBE, con énfasis particular en la posibilidad de simular agujeros negros. Hacemos hincapié en el
hecho que la relación de dispersión en un CBE tiene una forma relativista en el límite
hidrodinámico, y adquiere correcciones no-relativistas de tipo ‘superlumínicas’ a altas energías. Esto convierte los condensados en un modelo de particular interés para
muchos escenarios de fenomenología de la gravedad cuántica que consideran una
posible violación de la invariancia Lorentz local a altas energías, y permite estudiar
las correcciones cinemáticas que un escenario de gravedad cuántica de este estilo
podría imponer a la relatividad general.
Presentamos un modelo sencillo de una configuración de agujero negro acústico
en 1+1 dimensiones, y estudiamos su estabilidad dinámica. Encontramos que los horizontes de tipo agujero negro en un CBE son estables bajo condiciones de contorno
bastante generales, inspiradas por estudios similares sobre la estabilidad de agujeros negros en la relatividad general. Esto nos permite estudiar los modos dinámicos estables, y también confirma la esperanza de, por lo menos en principio, poder
simular la radiación de Hawking en CBE.
Encontramos que existen en efecto modos cuasinormales de vida corta en nuestro
modelo, a pesar su dimensionalidad (1+1). Además, resulta que su espectro cubre
una región continua del plano complejo de frecuencias. Esto es muy distinto del caso
de agujeros negros en relatividad general y de agujeros negros acústicos en el límite
hidrodinámico, donde no existen modos cuasinormales en 1+1 dimensiones, mientras en dimensiones superiores aparece un espectro discreto. Los modos cuasinormales que encontramos son característicos de una relajación a nivel microscópico,
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y rastreamos su origen al carácter superlumínico de la relación de dispersión, y la
permeabilidad asociada del horizonte. Argumentamos que un efecto similar podría
darse en agujeros negros astrofísicos si resulta que la gravedad cuántica también
incorpora superluminalidad a altas frecuencias.
Estudiamos el impacto de las relaciones de dispersión superlumínicas en la radiación de Hawking en una geometría en colapso en la cual se crea un agujero negro.
Un aspecto crítico de las relaciones de dispersión modificadas es que el horizonte
se convierte en un concepto que depende de la frecuencia. En particular, con relaciones de dispersión superlumínicas, en cada instante del proceso de colapso, existe
una frecuencia crítica por encima de la cual no se experimenta ningún horizonte. Si
además existe un nivel de saturación global del colapso (tal como es decididamente
el caso en los CBE debido a la separación interatómica, y tal como se espera también
en el caso gravitatorio gracias a una resolución gravito-cuántica de la singularidad
relativista), entonces también existe una frecuencia crítica global, de tal modo que
frecuencias por encima de ella nunca ven un horizonte y por lo tanto no participan
en el proceso de radiación térmica. Esto conlleva varias diferencias importantes con
respecto al caso estándar de Hawking. En términos generales, una frecuencia crítica
finita implica que la intensidad de la radiación tardía es más débil que en el caso estándar (invariante Lorentz). La forma Planckiana del espectro térmico es más o menos
preservada (aunque con una intensidad disminuida), al no ser que la escala de violación de la simetría Lorentz (la escala en la cual las desviaciones no-relativistas
en la relación de dispersión adquieren importancia) esté por debajo de la frecuencia
crítica. En este último caso, las frecuencias altas (por encima de la escala de violación
de la simetría Lorentz) pueden adquirir gravedades de superficie extremadamente
altas, conduciendo a contribuciones ultravioletas importantes en el espectro de la radiación. Finalmente, la radiación producida por el colapso disminuye y desaparece
en una escala de tiempo relativamente corta.
E la parte final de la tesis, discutimos algunas cuestiones relacionadas con la
posibilidad de construir un modelo de juguete serio para la gravedad a la escala
de Planck basado en la analogía en materia condensada, es decir, un modelo de
gravedad emergente. La idea básica es que la gravedad (ahora incluyendo a sus aspectos dinámicos, es decir las ecuaciones de Einstein) podría emerger como una descripción efectiva macroscópica a bajas energías del comportamiento colectivo de los
constituyentes microscópicos de un sistema. Una consecuencia crítica si esto resulta
ser un planteamiento correcto sería que no existe ningún procedimiento directo de
cuantización que conduce de los grados de libertad macroscópicos a los microscópicos. Mencionamos algunas motivaciones generales para semejante planteamiento,
en particular la energía oscura, y discutimos en detalle el problema de la invariancia
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bajo difeomorfismos en modelos de gravedad emergente basados en la analogía en
materia condensada. Argumentamos que esta cuestión debería ser separada en una
parte cinemática y otra dinámica. Explicamos cómo la invariancia bajo difeomorfismos a nivel cinemático puede ser entendida como una simetría efectiva a bajas energías en estos modelos, igual que la invariancia Lorentz. Con respecto a la cuestión
de la invariancia bajo difeomorfismos a nivel dinámico, argumentamos que es esencialmente idéntica al problema de recuperar las ecuaciones de Einstein en un sistema de tipo materia condensada, y hacemos algunas observaciones con respecto a
la posibilidad que la propuesta de gravedad inducida de Sakharov podría resolver
este problema.
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Introducción

En esta tesis se estudian algunos aspectos de la analogía gravitacional en condensados de Bose–Einstein (CBE), y en particular de su aplicación a la fenomenología de
la gravedad cuántica. Esta analogía está basada en la siguiente observación fundamental [117]. La ecuación de movimiento de perturbaciones acústicas en un
fluido perfecto (irrotacional, no-viscoso y barotrópico), tal como un CBE—bajo ciertas aproximaciones que estudiaremos en detalle—puede ser descrita mediante una
ecuación d’Alembertiana en un espaciotiempo curvo:
√
1
(10.1.1)
φ ≡ √ ∂µ −ggµν ∂ν φ = 0 .
−g
Estas perturbaciones acústicas o fonones se mueven por lo tanto en las geodésicas
nulas de la métrica gµν , con g el determinante de ella. Esta fórmula es bien conocida en teoría relativista de campos como la ecuación de movimiento de un campo
escalar sin masa φ propagándose en un espaciotiempo curvo. Además, módulo un
factor conforme, la métrica tiene la forma siguiente:
!
v2 − c2
− vT
gµν ∝
,
(10.1.2)
−v
1
donde ~v representa la velocidad del flujo de fondo y c la velocidad del sonido en el
fluido. Puesto que gtt ∝ (v2 − c2 ), el signo de gtt depende del régimen del fluido, lo
cual indica que configuraciones de tipo agujero negro son en principio factibles, por
lo menos en flujos radiales.
Esta observación básica constituye la esencia de la gravedad análoga en modelos
de materia condensada. Implica que sistemas de materia condensada tales como
los CBE imitan los aspectos cinemáticos de la relatividad general [56; 57], es decir la
propagación de campos en espaciotiempos curvos relativistas, ofreciendo incluso la
posibilidad de simular agujeros negros. Cabe notar que no existen de momento sistemas análogos que reproduzcan las ecuaciones de Einstein. Por lo tanto, la analogía
no se extiende (por lo menos, de manera inmediata) a los aspectos dinámicos de la
relatividad general. Aún así, la gravedad análoga ofrece la perspectiva prometedora
de permitir un mejor entendimiento y posiblemente incluso de hacer simulaciones
de ciertos aspectos relacionados con la física de altas energías, y en particular con
la física de agujeros negros. Su interpretación se puede también extender en dos
direcciones, que llamaremos respectivamente fenomenología de la gravedad cuántica y
gravedad emergente, en orden lógico.
La extensión a la fenomenología de la gravedad cuántica se basa en lo siguiente.
El régimen relativista anteriormente descrito no es universalmente válido en los
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CBE, sino que sólo lo es en la aproximación hidrodinámica. Esta se rompe a altas
energías y también en la presencia de un horizonte, donde la relación de dispersión
entre la frecuencia ω y el número de onda k adquiere modificaciones no-relativistas
de tipo superlumínicas:
ω 2 = c2 k 2 + α2 c2 k 4 ,
(10.1.3)
con α un parámetro (con dimensión [α] = L) suficientemente pequeño para que
se recupere una relación de dispersión relativista ω 2 = c2 k2 a bajas energías. Este
tipo de modificación superlumínica es semejante a lo que se espera en un amplio
rango de modelos fenomenológicos de la gravedad cuántica que contemplan posibles rupturas de la simetría Lorentz local a altas energías, asociadas a la existencia
de un referencial inercial preferente.
A partir de la analogía en materia condensada, se puede también considerar
la posibilidad de construir un modelo de juguete más completo para la gravedad:
la gravedad emergente. Esta idea postula que la gravedad (ahora, incluyendo las
ecuaciones de Einstein) podría ser una propiedad emergente en varios sistemas microscópicos como consecuencia del comportamiento colectivo de los constituyentes
microscópicos. Dos motivaciones importantes para semejante idea son las siguientes. La primera es que los modelos de materia condensada tienen un límite
semiclásico bien definido, al contrario de los planteamientos más tradicionales en
gravedad cuántica, tal como la teoría de cuerdas o la gravedad cuántica de lazos, que
comparten como problema que no se sabe cómo obtener el límite semiclásico que
podría corresponder a nuestro universo. La segunda motivación, que comentaremos brevemente, viene del problema de la energía oscura. Un problema importante
a la hora de extender la gravedad análoga a un modelo de gravedad emergente
es que parece que no se puede obtener una teoría invariante bajo difeomorfismos.
Argumentaremos que este problema tiene que ser dividido en dos aspectos: un aspecto cinemático y otro dinámico. Con respecto al primero, mostraremos que la
invariancia bajo difeomorfismos a nivel cinemático es una propiedad emergente en
estos modelos, al mismo nivel que la invariancia Lorentz. Con respecto al segundo
aspecto, argumentaremos que el problema de la invariancia bajo difeomorfismos a
nivel dinámico es esencialmente idéntico al problema de la obtención de las ecuaciones de Einstein. Terminaremos con algunos comentarios sobre la posibilidad de
obtenerlas a partir del mecanismo de gravedad inducida de Sakharov [106].
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Objetivos y contenido

La mayor parte del trabajo presentado en esta tesis es relevante principalmente a
nivel de fenomenología de la gravedad cuántica. También tiene consecuencias obvias para la gravedad análoga como tal y posibles simulaciones en laboratorio, en el
siguiente sentido. Veremos que las desviaciones del régimen hidrodinámico en los
CBE (a altas energías y en la presencia de horizontes) predice modificaciones con
respecto a los fenómenos relativistas estándares, tal como la radiación de Hawking.
Por lo tanto, si estas modificaciones son suficientemente importantes, además de
abrir una ventana hacia la fenomenología de la gravedad cuántica, podrían ocurrir de manera espontánea e incluso inevitable en experimentos de laboratorio que
intentan reproducir los análogos de estos fenómenos relativistas en un CBE. Terminaremos esta tesis con algunos comentarios al respecto de la posibilidad de tomar
el modelo de materia condensada en serio como modelo de juguete para una teoría
completa de la gravedad cuántica.
La estructura de esta tesis es la siguiente. En el capítulo 2, discutimos algunos
preliminares generales con respecto a espaciotiempos efectivos en sistemas de materia condensada, y en CBE en particular. Puesto que esta tesis se dirige (principalmente) a la comunidad gravitatoria, empezamos con un breve recordatorio de
la teoría básica de los CBE. Damos una derivación esquemática de la ecuación de
Gross–Pitaevskii que describe la evolución de la fase condensada del CBE en una
aproximación de campo medio. Luego describimos cómo se obtiene una métrica
acústica efectiva, y resaltamos que ella permite considerar configuraciones de tipo
agujero negro. Finalmente, derivamos la relación de dispersión de Bogoliubov y examinamos su límite hidrodinámico. Ponemos hincapié en el hecho que, en el límite
hidrodinámico, la relación de dispersión adquiere una forma relativista, y estudiamos la validez de este límite hidrodinámico o relativista.
En el capítulo 3, presentamos un modelo sencillo para una configuración de agujero negro efectivamente (1+1)-dimensional en un CBE. El modelo está constituido
por dos regiones homogéneas con una discontinuidad abrupta en el perfil de densidad. Aunque este modelo es altamente idealizado, argumentamos que captura la
esencia de la física que nos interesa, por lo menos con el objetivo de estudiar el comportamiento dinámico de los horizontes de agujero negro en CBE. Derivamos condiciones de empalme para las magnitudes que describen el condensado a través de la
discontinuidad, tal como su densidad y fase y sus derivadas. Finalmente, desarrollamos un método numérico para encontrar los modos dinámicos (inestabilidades y
modos cuasinormales) de estas configuraciones.
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Aplicamos este método a los modos dinámicos de tales configuraciones de agujero negro (1+1)-dimensionales en CBE, en particular a un análisis de las inestabilidades dinámicas en el capítulo 4 y un análisis de los modos cuasinormales en el
capítulo 5, respectivamente.
En el capítulo 4, empezamos por indicar el estado ligeramente confuso de la literatura con respecto a la estabilidad dinámica de los horizontes de agujero negro
en CBE, y destacamos su importancia con respecto a la posibilidad de simular la
radiación de Hawking en un CBE. Examinamos de manera minuciosa las condiciones de contorno necesarias para aplicar el algoritmo desarrollado en el capítulo
anterior, y analizamos la posible aparición de inestabilidades dinámicas. Discutimos los resultados tanto para horizontes de tipo agujero negro como de tipo agujero blanco. Mostramos que los horizontes de tipo agujero negro son generalmente
estables, aunque también destacamos que una modificación de las condiciones de
contorno (por ejemplo, a través de la introducción de una pared o de un sumidero en
el condensado) puede afectar este resultado. Para un horizonte de agujero blanco,
la estabilidad o inestabilidad depende de forma aún más crítica del tipo de condiciones de contorno. De todos modos, concluimos que existen configuraciones de
agujero negro estables, por lo menos en principio. Esto implica que en efecto tiene
sentido estudiar los modos dinámicos estables o modos cuasinormales, y también
la radiación de Hawking, de configuraciones de agujero negro.
La estructura del capítulo 5 es la siguiente. Después de una introducción general
sobre los modos cuasinormales de un agujero negro gravitatorio (esencialmente,
modos de relajación del agujero negro después de una perturbación), examinamos
las condiciones de contorno que se usan en relatividad general para calcular los modos cuasinormales de un agujero negro. Discutimos de qué manera tienen que ser
modificados en el caso de CBE debido al carácter superlumínico de la relación de
dispersión. Ponemos énfasis en el hecho que en relatividad general, no existen modos cuasinormales en 1+1 dimensiones, mientras un espectro discreto aparece en
3+1 dimensiones. El mismo resultado es válido para los agujeros negros acústicos
en el límite hidrodinámico. Aplicamos el procedimiento desarrollado en el capítulo
3, el cual nos permite verificar la ocurrencia de modos cuasinormales en el modelo sencillo (1+1)-dimensional presentado anteriormente, cuando se usa la relación
de dispersión completa, con las correcciones no-relativistas incluídas. Encontramos
no sólo que en efecto existen modos cuasinormales, sino que, además, su espectro
resulta cubrir una región continua en el plano complejo de frecuencias. Una estimación dimensional muestra que estos modos cuasinormales son de vida corta,
indicativos de una relajación a nivel microscópico. Esto nos lleva a especular que
el espectro discreto que resulta del análisis estándar de los modos cuasinormales
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en relatividad general (3+1)-dimensional podría también adquirir bandas continuas si las relaciones de dispersión sufren modificaciones superlumínicas similares.
Estos modos adicionales, aunque quizá de vida demasiado corta para ser detectados directamente, podrían en principio dejar una huella de la física transplanckiana
(gravito-cuántica) en el espectro de las ondas gravitacionales emitidas por agujeros
negros.
En el breve capítulo 6, damos algunos detalles adicionales sobre la conexión entre las relaciones de dispersión modificadas del tipo que ocurren en los CBE, y los
escenarios de violación de la simetría Lorentz que se barajan en la fenomenología
de la gravedad cuántica. Esta conexión nos permite justificar por qué especulamos
que algunos de los resultados obtenidos en los dos capítulos anteriores son directamente extrapolables a estos tipos de escenario de fenomenología de la gravedad
cuántica. También nos permite, en vez de desarrollar la analogía gravitatoria a partir de la teoría microscópica de los CBE, como hicimos en los capítulos anteriores,
estudiar directamente el impacto de las relaciones de dispersión modificadas. Este
planteamiento es por lo tanto válido tanto para la fenomenología de la gravedad
cuántica en un escenario con relaciones de dispersión superlumínicas, como para la
analogía gravitatoria en un CBE. Adoptamos esta estrategia en el siguiente capítulo.
El capítulo 7 contiene un estudio del impacto de las relaciones de dispersión superlumínicas en la radiación de Hawking de la formación de un agujero negro a
través de un proceso dinámico de colapso. Empezamos por una motivación detallado de por qué este estudio es relevante a pesar de la literatura extensa al respecto
del problema transplanckiano con respecto a la radiación de Hawking. En particular, destacamos que la mayoría de los estudios existentes se centran en configuraciones estacionarias con dispersión sublumínica. También mencionamos que, si se
predicen fuertes desviaciones de la radiación de Hawking estándar, entonces estas
desviaciones podrían surgir de manera espontánea en una simulación en laboratorio
del equivalente fonónico de la radiación de Hawking en un CBE. Discutimos la geometría clásica de nuestro modelo de colapso, y proponemos dos perfiles concretos,
que difieren en el comportamiento de su gravedad de superficie. El primer perfil
considera un agujero negro con gravedad de superficie constante, mientras que en
el segundo—característico de un agujero negro de Schwarzschild—la gravedad de
superficie aumenta con la frecuencia. Esta dependencia de la gravedad de superficie en la frecuencia tiene su origen en el hecho que el horizonte mismo se convierte
en un concepto dependiente de la frecuencia, un hecho que analizamos en detalle.
La parte principal del capítulo consiste en una derivación concisa de la radiación
de Hawking estándar, es decir, con relaciones de dispersión relativistas, y una demostración de cómo se puede adaptar esta derivación para relaciones de dispersión
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superlumínicas. Obtenemos una expresión analítica para la radiación a tiempos
tardíos del colapso de un agujero negro con dispersión superlumínica a altas frecuencias. Tres diferencias importantes con respecto al caso estándar se deducen
de esta expresión. Primero, destacamos la dependencia en una frecuencia crítica
que aparece durante el proceso de colapso debido a la dispersión superlumínica,
y por encima de la cual no se experimenta ningún horizonte. En segundo lugar,
resaltamos la importancia de la gravedad de superficie, de la cual mostramos que
se convierte en una magnitud que también depende de la frecuencia, otra vez debido a la superluminalidad de la relación de dispersión. Finalmente, señalamos
que la radiación que viene del colapso se extingue con el avance del tiempo. Integramos numéricamente la expresión analítica para la radiación a tiempos tardíos,
e ilustramos gráficamente los tres puntos que acabamos de mencionar. En particular, vemos claramente que la existencia de una frecuencia crítica implica que la
radiación es más débil que en el caso estándar, al no ser que la frecuencia crítica
se haga infinita (es decir, al no ser que se forme una singularidad al final del colapso). También ilustramos que la dependencia en la gravedad de superficie puede
conducir a contribuciones ultravioletas importantes, en función de la relación entre la frecuencia crítica y la escala de violación de la simetría Lorentz. Finalmente,
mostramos la evolución temporal de la radiación que origina en el colapso e indicamos que, por lo menos para una elección natural de las magnitudes asociadas,
se extingue muy rápidamente. Concluimos con una comparación de nuestros resultados con otros resultados que han aparecido recientemente en la literatura y
especulamos que algunas de las suposiciones típicas que se hacen cuando se argumenta que la radiación de Hawking es robusta, y que son extrapoladas directamente
del caso estándar, bien podrían depender fuertemente del modelo que uno utiliza, y
además parecen ser violadas en un escenario físicamente realista de un colapso con
dispersión superlumínica.
En el capítulo 8, discutimos algunos aspectos de cómo el marco de la gravedad
análoga en sistemas de materia condensada puede ser extendido a un modelo serio
de gravedad emergente. Empezamos con algunas consideraciones generales de qué
podría o debería ser la gravedad cuántica, y mencionamos que una de las principales motivaciones para un planteamiento de gravedad emergente es el problema
de la energía oscura. El tema principal del capítulo es la cuestión de la invariancia bajo difeomorfismos en modelos de gravedad emergente basados en la analogía
gravitatoria en sistemas de materia condensada. Argumentamos que esta cuestión
debería ser separada en una parte cinemática y otra dinámica. Discutimos por qué
el aspecto cinemático de la invariancia bajo difeomorfismos no forma ningún problema real, dado que la invariancia bajo difeomorfismos emerge al mismo nivel que
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la invariancia Lorentz, es decir que se realiza como una simetría efectiva a bajas
energías. Esta discusión involucra varias sutilezas conceptuales con respecto a la
relación entre observadores internos y física microscópica. Terminamos con algunas
observaciones con respecto al aspecto dinámico de la invariancia bajo difeomorfismos. Argumentamos que es esencialmente idéntico al problema de recuperar las
ecuaciones de Einstein en modelos de gravedad análoga, y discutimos la posibilidad de utilizar la gravedad inducida de Sakharov para este fin. Este último aspecto
forma parte de trabajo en proceso.
Concluimos en el capítulo 9 con un amplio resumen y algunas perspectivas futuras.
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Resumen general y perspectivas futuras

Hemos discutido varios aspectos de la analogía gravitatoria en condensados de
Bose–Einstein (CBE), y de cómo esta analogía puede servir de inspiración en la
gravedad cuántica, tanto a nivel de fenomenología de la gravedad cuántica como
para intentar de entender algunos aspectos más conceptuales relacionados con la
gravedad cuántica.
Empezamos con un repaso que nos condujo de la teoría de campo medio en CBE
a la emergencia de una métrica acústica efectiva para perturbaciones lineales del
condensado de fondo en el límite hidrodinámico. Estudiamos la validez del límite
hidrodinámico, y resaltamos que se viola a altas frecuencias y en la presencia de un
horizonte. En estos casos, la descripción geométrica o relativista efectiva se rompe,
dando paso a la teoría microscópica subyacente. Este comportamiento es similar a
lo que se espera en la gravedad, con la diferencia importante que se entiende bien la
teoría microscópica subyacente en el caso de los CBE. Además, los experimentos a
baja temperatura con, por ejemplo, gases alcalinos diluídos están de acuerdo con la
teoría a un alto grado de precisión. También resaltamos que los aspectos dinámicos
completos de la relatividad general (las ecuaciones de Einstein) no están incluídas
en la analogía, por lo menos en su aplicación directa en los CBE.
Una primera conclusión general y bien conocida es que algunos aspectos relacionados con la física de agujeros negros, como por ejemplo la radiación de Hawking, se puede simular en CBE, tanto teórica como experimentalmente, por lo menos
en principio. Varios de los temas que discutimos en esta tesis afectan directamente
a la radiación de Hawking y su posible realización experimental. Sin embargo, en
términos generales, la contribución original de esta tesis se sitúa más allá de la observación básica de la posibilidad de simular fenómenos relacionados con agujeros
negros. En particular, nos centramos en cómo extender la analogía gravitatoria en
los CBE para estudiar algunos aspectos de la gravedad cuántica, tanto en el sentido de fenomenología de la gravedad cuántica como en el de la construcción de un
modelo de juguete para la gravedad emergente.
El elemento crítico de la teoría de CBE que hace que sea relevante para el estudio de la fenomenología de la gravedad cuántica es el siguiente. Más allá de la
aproximación hidrodinámica, las primeras correcciones a la descripción relativista
en un CBE están codificadas en la forma de modificaciones de orden superior de la
relación de dispersión. Estas correcciones superlumínicas están asociadas a la existencia de un sistema de referencia inercial preferente, y de este modo conducen a
una violación de la invariancia Lorentz efectiva. Constituyen por lo tanto un exce-
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lente banco de pruebas para escenarios de gravedad cuántica que consideran una
posibilidad similar de violaciones de la invariancia local de Lorentz a altas energías,
y en particular de aquellos escenarios, basados por ejemplo en teoría efectiva de
campos, donde las primeras modificaciones a las relaciones de dispersión permitidas por las observaciones son precisamente de la misma forma que las que se dan
en los CBE.
Esto sugiere dos posibles estrategias. La primera consiste en elaborar la analogía
gravitatoria en CBE, proponer una configuración concreta, y estudiar algunos de
sus aspectos inspirados en fenómenos relativistas de interés.
Aplicamos esta primera estrategia de la siguiente manera. Propusimos una configuración sencilla de agujero negro en 1+1 dimensiones, y estudiamos su estabilidad dinámica basándonos en la ecuación de Gross–Pitaevskii completa (es decir,
incorporando las correcciones superlumínicas a la relación de dispersión). Encontramos que este tipo de configuraciones son estables bajo condiciones de contorno
bastante genéricas, inspiradas directamente por las que se usan en el estudio de
agujeros negros en relatividad general. Esto nos abrió el camino a un estudio de los
modos dinámicos estables o modos cuasinormales, además de confirmar, posibles
complicaciones experimentales aparte, que debería en efecto ser posible reproducir
el análogo fonónico de la radiación de Hawking en un CBE.
Con respecto a los modos cuasinormales de configuraciones de agujero negro,
encontramos que en el modelo particular (1+1)-dimensional que estudiamos, no
pueden existir modos cuasinormales en el límite hidrodinámico. Comentamos que
en relatividad general, de manera similar, tampoco pueden existir modos cuasinormales en 1+1 dimensiones, debido al carácter conformemente plano de los espaciotiempos (1+1)-dimensionales, en combinación con la invariancia conforme de la
ecuación de onda d’Alembertiana. En nuestro modelo en un CBE, sin embargo, encontramos un espectro continuo de modos cuasinormales de vida corta más allá de
la aproximación hidrodinámica, es decir, al utilizar la relación de dispersión completa. Este resultado es sorprendente en el sentido que en relatividad general en
3+1 dimensiones, el espectro de modos cuasinormales es discreto. Señalamos que
el origen de estos modos cuasinormales radica en el carácter superlumínico de la
relación de dispersión, el cual conduce a una permeabilidad del horizonte (de frecuencia cero). En última instancia, esto significa que estos modos cuasinormales
son característicos de una relajación a nivel microscópico, lo cual se traduce en vidas medias del orden de la escala de violación de la simetría Lorentz (determinada
por la healing length o ‘longitud de curación’, y por lo tanto en última instancia por
la longitud de esparcimiento, en el caso de los CBE). Especulamos, por lo tanto, que
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un espectro similar de modos cuasinormales ‘planckianos’ de vida corta podría surgir en el espectro de los agujeros negros gravitatorios, si resulta que la gravedad
cuántica también incorpora correcciones superlumínicas a altas energías.
Una segunda estrategia consiste en modificar directamente la física que describe
fenómenos relacionados con los agujeros negros en una manera que incorpora correcciones superlumínicas a altas energías. Aplicamos esta estrategia a la radiación
de Hawking de una configuración en colapso dinámico.
Resaltamos el hecho que la dispersión superlumínica conduce a una dependencia en la frecuencia de la velocidad efectiva de la luz, y por lo tanto a una dependencia en la frecuencia del propio concepto de horizonte. En particular, a frecuencias
mayores, el horizonte se sitúa dentro del horizonte clásico o de frecuencia cero, y se
mueve hacia la singularidad al aumentar la frecuencia. Como corolario, varias cantidades asociadas al horizonte, como la gravedad de superficie, también se convierten
en cantidades que dependen de la frecuencia. Además, la dispersión superlumínica
implica que, en cada momento del colapso, existe una frecuencia crítica tal que frecuencias mayores simplemente no ven ningún horizonte. Si el colapso se satura en
algún nivel, o en otras palabras: al no ser que se forme una singularidad al final del
colapso, también existe una frecuencia crítica global. Destacamos el hecho que la
violación de la simetría Lorentz, y en particular la modificación superlumínica de
la relación de dispersión, implica que la equivalencia usual entre una configuración
en colapso y una configuración estacionaria (con condiciones iniciales adecuadas
en el horizonte) ya no es válida, por lo menos como extensión directa del caso invariante Lorentz. Una manera fácil de ver esto es que, debido a la dependencia del
horizonte en la frecuencia, tal construcción requeriría la imposición de condiciones
arbitrariamente cerca de la singularidad.
Vimos que existen tres consecuencias importantes que distinguen la radiación en
nuestro modelo del resultado estándar (invariante Lorentz) de Hawking. Primero,
vimos que la existencia de una frecuencia crítica reduce la intensidad global de la
radiación con respecto al espectro de Hawking estándar. Segundo, la dependencia
en la frecuencia de la gravedad de superficie implica que el espectro de la radiación
también puede sufrir modificaciones en su forma. En particular, si la escala de violación de la simetría Lorentz se sitúa suficientemente por encima de la frecuencia
crítica, pueden aparecer contribuciones ultravioletas importantes, asociadas a frecuencias cuyo horizonte está muy por dentro del horizonte de frecuencia cero (en
otras palabras: está cerca de la singularidad). Finalmente, la radiación emitida por
el proceso de colapso no es estacionaria, sino que disminuye y desaparece después
de cierto tiempo.

148

CHAPTER 10. RESUMEN EN ESPAÑOL

Merece probablemente la pena destacar que, en contraste con la amplia literatura que existe con respecto al problema transplanckiano en agujeros negros estacionarios, nuestro trabajo proporciona el primer cálculo de la sensitividad de la
radiación de Hawking a la influencia de relaciones de dispersión superlumínicas
en una configuración en colapso. Además, los resultados que discutimos son resultados analíticos, es decir que aunque hemos utilizado una integración numérica
para ilustrarlos gráficamente, su esencia cualitativa puede ser extraída de la fórmula
analítica que obtuvimos para la radiación a tiempos tardíos. Esto ha necesariamente
implicado el uso de algunas aproximaciones motivadas físicamente. En particular,
hemos trazado sólo la evolución de los grados de libertad Minkowskianos, es decir,
los que están presentes antes del inicio del colapso. Sería ciertamente interesante estudiar de qué manera se puede dar un tratamiento consistente que tiene en cuenta
la posibilidad de un aumento repentino del número de grados de libertad durante
el proceso de colapso, y de ver en qué manera esto podría afectar nuestros resultados. De todos modos, un resultado que parece establecido de manera firme es
que la equivalencia entre configuraciones en colapso y otras estacionarias pierde su
validez en el caso de dispersión superlumínica, por lo menos en una forma extrapolada de manera directa a partir del caso estándar. De todos modos, aparte del interés
intrínseco de nuestros resultados, esto se debería también considerar como una invitación para un estudio más profundo de la robustez de la radiación de Hawking
en configuraciones en colapso.
En la parte final de esta tesis, ilustramos cómo se pueden aplicar las ideas básicas
de la analogía en materia condensada a un estudio de algunos problemas conceptuales relacionados con la gravedad cuántica. Dimos varias motivaciones para un
planteamiento de ‘gravedad emergente’, en el cual la gravedad clásica es tratada
como une descripción efectiva que emerge a bajas energías del comportamiento
colectivo de una gran cantidad de grados de libertad microscópicos (los ‘átomos del
espaciotiempo’). En particular, mencionamos dos razones para tomar tal planteamiento
en serio: las temperaturas ultrafrías en la mayor parte del universo (en comparación
con la escala de Planck) y la expansión acelerada del universo, es decir: la energía
oscura.
Discutimos la cuestión de la invariancia bajo difeomorfismos en estos modelos de gravedad emergente basados en la analogía en materia condensada. Argumentamos que, a nivel cinemático, la invariancia bajo difeomorfismos es realizada
como una simetría efectiva a bajas energías, de la misma manera que la invariancia
Lorentz. El núcleo del argumento consistía en señalar que un observador interno
al sistema de materia condensada, limitado a la manipulación de señales acústicas
efectivamente relativistas y de cuasipartículas, no tendría ninguna manera de detec-
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tar su estado de movimiento absoluto con respecto al sistema inercial del laboratorio. Dicho de otro modo, a nivel cinemático, las leyes físicas internas no dependen
de ninguna geometría previa o externa, y por lo tanto la invariancia bajo difeomorfismos es en efecto realizada a este nivel.
Al nivel dinámico, el problema es algo más complicado. Argumentamos que la
invariancia bajo difeomorfismos a nivel dinámico es esencialmente idéntico al problema de recuperar las ecuaciones de Einstein, y discutimos brevemente una posible
estrategia: un procedimiento de inducción del tipo del mecanismo de Sakharov.
Resaltamos que un elemento clave en este contexto parece ser la relación entre la
escala de Planck (o su análogo) EP y la escala de violación de la simetría Lorentz
EL . El hecho que los sistemas de materia condensada no reproducen las ecuaciones
de Einstein podría ser simplemente debido a que todos los sistemas de materia condensada reales conocidos se caracterizan por la relación EPl  EL . No se conoce de
momento ninguna razón fundamental que explique esta relación.
Las conclusiones globales de esta tesis son entonces las siguientes.
En primer lugar, hemos confirmado que no existen obstáculos teóricos para la
simulación de la radiación de Hawking en un CBE. En efecto, en principio se pueden
conseguir configuraciones dinámicamente estables.
En segundo lugar, hemos visto que las correcciones superlumínicas a las relaciones de dispersión pueden causar modificaciones cualitativas importantes con respecto a fenómenos relativistas. En el caso de los modos cuasinormales, estas modificaciones eran cuantitativamente pequeñas. En el caso de la radiación de Hawking,
sin embargo, vimos que los cambios podían ser importantes tanto a nivel cualitativo como a nivel cuantitativo. Merece quizá la pena destacar que en todo momento
evitamos hacer suposiciones sobre la singularidad (en términos de relatividad general) en un agujero negro gravitatoria. Por lo tanto, nuestros resultados pueden ser
interpretados como una consecuencia exclusiva de las correcciones microscópicas a
nivel del horizonte, no de la singularidad. En este sentido, la opinión ortodoxa que
los efectos gravitocuánticos cerca del horizonte pueden en general (es decir, excepto
para agujeros negros extremadamente pequeños) sólo conducir a modificaciones pequeñas con respecto a la gravedad clásica—en particular, modificaciones del orden
de la longitud de Planck dividida por el radio del agujero negro—ha de ser tomada
con cierta precaución. En efecto, las modificaciones que encontramos eran esencialmente válidas para agujeros negros de tamaño arbitrario, a condición que la relación
de dispersión adquiera modificaciones superlumínicas a altas energías. La razón
puede interpretarse de la manera siguiente, sin contradecir directamente la opinión
ortodoxa a la que nos acabamos de referir. El punto clave es que las modificaciones
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superlumínicas implican que siempre habrá frecuencias altas que experimentan el
agujero negro como muy pequeño, y por lo tanto pueden introducir correcciones
importantes, mientras que otras frecuencias incluso más altas simplemente no ven
ningún agujero negro.
Finalmente, una tercera conclusión global es que parece merecer la pena explorar
hasta qué punto se puede, y quizá: se debe, llevar la idea de que la gravedad podría
emerger del comportamiento colectivo a bajas frecuencias de unos grados de libertad microscópicos, en un sentido relacionado al de la termodinámica, si realmente
queremos comprender ciertos aspectos relacionados a la gravedad cuántica.
Un esbozo de lo que podría ser trabajo futuro es el siguiente.
En primer lugar, varios grupos experimentales de materia condensada están
mostrando un interés siempre más concreto en una posible detección experimental de la radiación de Hawking. Un experimento de este tipo sería, en un primer
instante, basado en una configuración estacionaria, o en una donde se cambia de
manera repentina entre dos configuraciones impuestas de manera externa. Obviamente, sólo podemos mostrar un enorme entusiasmo ante esta posible verificación
experimental. Sin embargo, también consideramos esencial que se dedique más
esfuerzo al entendimiento de la relación precisa entre este tipo de configuraciones
estacionarias o impuestas externamente y la formación dinámica de un agujero negro a través de un proceso de colapso, antes de extraer conclusiones de semejantes
experimentos sobre agujeros negros en colapso o antes de proclamar la robustez
universal de la radiación de Hawking. Sería por ejemplo interesante ir más allá del
modelo concreto que hemos estudiado, y examinar la posible influencia de una dispersión superlumínica en otros modelos de colapso más cercanos a lo que se espera
en agujeros negros astrofísicos y/o que se podrían simular en un laboratorio. Como
mencionamos anteriormente, el trabajo presentado en el capítulo 7, además del interés intrínseco de sus resultados, ha también de ser interpretado como un primer
paso y una invitación para seguir estudiando estos aspectos.
En segundo lugar, aunque se han conseguido avances técnicos importantes en
los planteamientos tradicionales ‘desde primeros principios’ para la gravedad cuántica, ninguno de ellos actualmente hace predicciones claras y unívocas con respecto
a, por ejemplo, correcciones semiclásicas a la relatividad general. El planteamiento
de fenomenología de la gravedad cuántica que discutimos parece por lo tanto particularmente relevante para tender un puente entre la gravedad clásica y una posible
teoría ‘completa’ de la gravedad cuántica, puesto que se basa en un ejemplo físico
real y concreto de cómo las simetrías efectivas a bajas energías pueden ser modificadas a altas energías. Sería, por ejemplo, interesante ver si se puede hacer alguna
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predicción concreta sobre la modificación del espectro de modos cuasinormales debido a posibles correcciones superlumínicas en una situación astrofísica realista que
involucre agujeros negros.
En tercer y último lugar, y en nuestra opinión personal quizá como punto más
relevante, creemos que varios problemas asociados a la gravedad cuántica no son
(o por lo menos: no son únicamente) problemas técnicos, sino que tienen un origen conceptual. Por ejemplo, ninguno de los planteamientos tradicionales en la
gravedad cuántica da una explicación satisfactoria de la expansión acelerada del
universo. Nos parece por lo tanto que queda mucho por aprender de la analogía en
materia condensada, y en particular de cómo nos puede guiar en la construcción de
un modelo de gravedad emergente. Respecto a este punto, la cuestión más urgente
es quizá la adquisición de un entendimiento más detallado de la posible emergencia
de las ecuaciones de Einstein a partir del comportamiento colectivo de unos grados
de libertad microscópicos.
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